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ABSTRACT. This paper is concerned with the inverse problem for non-selfadjoint
Sturm-Liouville operator with discontinuity conditions inside a finite interval.

Firstly, we give the definitions of generalized weight numbers for this operator

which may have the multiple spectrum, and then investigate the connection-

s between the generalized weight numbers and other spectral characteristics.

Secondly, we obtain the generalized spectral data, which consists of the gen-

eralized weight numbers and the spectrum. Then the operator is determined

uniquely by the method of spectral mappings. Finally, we give an algorithm

for reconstructing the potential function and the coefficients of the boundary

conditions and the coefficients of the discontinuity conditions.

1. INTRODUCTION

In this paper, we consider the following non-selfadjoint boundary value problem
L=1L(q(z),h,H,pB,~,d) for the equation:

(1.1) ty:=—y" +q(z)y=2Xy
on the interval 0 < x < 7 with the boundary conditions
(1.2) U(y) =y (0) = hy(0) =0,V (y) ==y (r) + Hy(r) =0

and the discontinuity conditions

(13)  y(d+0)=py(d—0),y (d+0)= 5"y (d—0)+~y(d-0)
at d € (0,m), where g(z) € L?[0,7] is a complex-valued function, h, H, v are
complex numbers, and 5 € R, 8 # 0.

There has been extensive study of inverse problems for Sturm-Liouville opera-
tor with discontinuity conditions inside a finite interval since the discontinuities are
connected with non-smooth material properties. The inverse problem for selfadjoint
Sturm-Liouville operator with different type discontinuity has been considered and
solved by different methods in [8, 9, 16, 18, 19, 22-26]. [17, 21] studied the in-
verse spectral problem for discontinuous Sturm-Liouville operators with boundary
conditions linearly dependent on the spectral parameter. The inverse problem for
non-selfadjoint Sturm-Liouville operator with discontinuity inside an interval has

been investigated in [12, 15] when the spectrum is simple.
Recently, many authors paid more attention on the inverse problem for the
non-selfadjoint operator with multiple spectrum (see [1, 4, 5, 10, 14, 20] and the

references therein). Especially, Buterin [5] considered the inverse problem for the
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boundary value problem (1.1), (1.2) with an arbitrary behaviour of the spectrum
and gave generalized weight numbers more naturally and proved that a multiple
spectrum and the generalized weight numbers determine the potential function and
boundary conditions uniquely. In this paper, we add the discontinuity conditions
(1.3) at d € (0,7) to the boundary value problem (1.1), (1.2), and give the gen-
eralized weight numbers for discontinuous non-selfadjoint Sturm-Liouville operator
with multiple spectrum, and recovering this operator from its spectral characteris-
tics by spectral mappings (see [27]).

This paper is organized as follows. In Section 2, some basic definitions and
useful properties are given. We devote Section 3 to give the useful definition of
generalized spectral data. The connections between the generalized spectral data
and other spectral characteristics are investigated in Section 4. In Section 5, by
the method of spectral mappings, we prove that the given generalized spectral data
uniquely determine the potential ¢ and the coefficients h, H, 3, -y, respectively, and
then give an algorithm for reconstructing the operator L (¢ (x),h, H, 8,7, d).

2. PRELIMINARIES
Let y (z), z (x) be continuously differentiable functions on [0, d] and [d, 7]. Denote
(y(x),z (@) =y (x)z' () —y (z) z(z). If y(x) and z (z) satisfy the discontinuity
conditions (1.3), then
(2.1) (Y (2),2(2)geg0 =W (2),2(2))segyo-

Let ¢ (z, A), ¥ (x, A) be solutions of equation (1.1) satisfying the discontinuity con-
ditions (1.3) and the initial conditions

(2.2) ©(0,A) =9 (mA) =1,¢(0,A) = h, ¢/ (7, \) = —H,
respectively. Then U (p) = V (1) = 0. Denote A (A) := (¢ (x, ), (x,\)), then
A (A) is independent of x. From (2.2), we obtain

(2.3) AN ==V(e)=U(¥).
In the following, we give three powerful and important lemmas, the rigourous
proof of these lemmas which can be referred to [2, 3, 6, 11, 13, 25] and no proof

will be given here.

Lemma 1. The zeros of A (\) coincide with the eigenvalues A, n € N:={0,1,2,...,n
of L. ¢ (x,\n) and ¥ (x,\,,) are corresponding eigenfunctions of L.
Proof. See [5, p.740] and [12, p.3]. O
Lemma 2. Let p = /A, 7 =Imp. For |p| — oo,

cos pz + O ( exp (|7] )) ,x <d,
(24)  o(@,)) =
(b1 cos px + bacosp (2d — x)) + O ( exp (|7] )) x> d,

, | —psinpz + O (exp (7] ),z < d,
(2.5) ¢ (2,A) = { p(=bysinpz + bysinp (2d — x)) + O (exp (|7| z)) ,x > d,

blcosp(w—x)—bgcosp(ﬂ+m—2d)+0( exp(\7|(7r—x))> ,x <d,
cosp(ﬂ—x)—i—O( exp(|7‘|(ﬂ'—a:))) x> d,



(2.7)
p | p(bysinp(m —x)+besinp (m+ 2z —2d)) + O (exp (|7| (7 — x))) ,x < d,
Vi) = { psinp (1 — ) + O (exp (7| (m — 2))) 2 > d,

A (XN) = p(bysinpm — bysinp (2d — 7)) + O (exp (|7] 7)) ,
s, -8

In particular, for j = 0,1, we obtain

(2.8) ¢ (,2) = 0 (1ol exp (I ),

where by =

(2.9) 49 (,2) = 0 (1o exp (7| (7 — 2))) .
Proof. The proof is similar to the selfadjoint case, see [25, p.145-146]. (]

Lemma 3. The roots \} = (,O}L)2 ,neN of

A (\) := p (by sin pr — by sin p (2d — 7))
are separated. For fized 6 and sufficiently large )|,
(2.10) A(N) = Cslplexp(|T|7), A € Gs,

where G5 = {)\ =p?: ’p — p}l’ > 5}. By Rouché theorem, we have

pn:\/ﬂ:pkri’ﬁif,
Py Pl

SO
An — A
1AL

where w = wby — (2d — ) ba, Ky, € la, and 0y, is a bounded sequence

A(/\):w(/\—/\é)nﬁ:

-1
0, = (ay cos p,,m + az cos p, (2d — 7)) (2;)\A1 (A;)) )

1 ™
0

T d
a2:b2<H—h+1/ q(t)dt—/ q(t)dt)—ry,

Proof. The proof can be refer to [25, p.146] and [2, Lemma 3]. O

)

o[-

3. THE GENERALIZED SPECTRAL DATA

The algebraic multiplicity m,, of the eigenvalue A, (n € N) is the order of it as a
root of A(A) =0, i.e. Ay = App1 =+ = Aptm,—1. In throughout the paper, we
use multiplicity instead of algebraic multiplicity for short. By the virtue of Lemma
3, for sufficient large n, m,, = 1.
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dn

Let S={nn=1,2,---, Aym1 # A} U{0}, oy, (z,A) = %ch(x, A), ¥y (2, N) =
%%w(x A). Forn=1,2,--- ;m, — 1, n € S, we have

EQD’V]( 7/\n):)\n(p ( ? )+<)07] 1('1:’)\71)7
(31) 41077( +O>‘) /Bﬁ(d OA)
' o (d+0,7,) =B~ lsoiy(d 0, A\n) + 7%y (d = 0,\n),

©n (0,An) = ¢, (0,\n) =

Uy (2, An) = A (x )+'¢)n 1 (2, An)
. w;;(d'i_ov)‘n):ﬂ 1¢ (d 0)‘ )+'71/}n(d_07/\n)a

Gy (7, ) = 0, (7, 2n) = 0.

From (2.3), we infer that

1

;AW An) = =V (¢ (@,20)) = U (¥ (2, 7)) =0, n € S, = 0,1, ;mp, — 1,
ie., @, (x,\y) and ¥y, (x,\n), n € S, n=1,2,--- ,m, — 1, are generalized eigen-
functions of L. Let

Pn+n (r) = ©n (7, An), Yntn () = ¥ (, An),

(3.3) Ay = %A(”) M), neSn=0,1,---,m, — 1.

It is easy to see that {yn ()}, cny {¥n (%)}, oy are complete systems of eigenfunc-
tions and generalized eigenfunctions of L (refer to [13, Theorem 1.3.2]). Naturally,
we can define the generalized weight numbers a,,, n € N for L by the following
equations:

(3.4) Opyny = / Ontn () Prtm,—1 (x)dz,ne S, n=0,1,--- ,my — L.
0

When the multiplicity m,, = 1, the generalized weight numbers «,, coincide with
the weight numbers for the selfadjoint Sturm-Liouville operator with discontinuity
conditions inside a finite interval (see [25, p.143 (10)]).

Definition 1. The numbers {\,, an}, oy are called the generalized spectral data of
L.
4. THE WEYL FUNCTION
Denote by S (z, ), ® (x, A) the solutions of equation (1.1) under the conditions
S (0,\)=U(®)=1,S(0,\) =V (®) =0,

and the discontinuity conditions (1.3). The functions @ (x, A) and M () := @ (0, A)
are called the Weyl solution and the Weyl function for L, respectively. Evidently,

(4.1) O (z,\) = ‘”A(”Z’A;) =S (z,\) + M\ @ (z,\),
(4.2) (p (z,A), D (x, M) =1,
(4.3) M(\) = A° (A), A% (N) =9 (0,\).
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The symbol A% (X) denotes the characteristic function of the boundary value prob-
lem consisting of the equation (1.1), the discontinuity conditions (1.3) and the
boundary conditions y (0) = V (y) = 0. The zeros of A®()\) are expressed in terms
of {A?L}neN, it is easy to show that {A,},cyN {)\g}neN = (. Then M ()) is a
meromorphic function with zeros in A\ and poles in \,,.

Next, we prove that the generalized spectral data determine the Weyl function
uniquely by the following theorem. This is a generalization of corresponding result
of non-selfadjoint Sturm-Liouville operator without discontinuities (see [5, p.741

@)D

Theorem 1. The Weyl function and the generalized spectral data of L satisfy the
following equalities:

My —1
n-&-n
(44) Z Z )\ )\ Ny \ntl
nes n=0 n
Ul
(4.5) Zan+n*an+mn*k*1 =0y0, €S, n=0,1,--- ,my — 1,

k=0

where §y o is Kronecker delta.

Proof. Firstly, considering the contour integral

1 M ()

In(N) =5 L A—

du, Ae€int Iy,
where Ty := {)\: Al = R%, Ry = |piy| + 5 inf |p}\/[—p}\,’}, M, N € N, is
p]u?'épN

assumed to be counterclockwise. By the virtue of Lemma 3, it yields I'yy C Gy for
sufficiently small fixed § > 0 and sufficiently large N. The formulae (2.9), (2.10),
(4.3) yield

IM (N <Clpl™", A e Gs
for sufficiently large |\|. Hence A}im In (M) = 0. By using the residue theorem (sce
—00
[6, V. §2.]) we calculate

M () .
In(A\) =—M(\) + > Res ~— ,A € intl'n\ {An}, en -

neS,\, € int FN
Thus
(4.6) Z Res

nES
My —1

Set Pi%\sn AA‘[E‘L) =: = ()\i\iﬁ7 and in light of (4.6) we get (4.4).

Secondly, let us prove that coefficients M,, and the generalized weight numbers
oy, determine each other uniquely by the formula (4.5). On account of (4.3) we
have M (A\) A (A) =1 (0,)\), together with the identity (4.4) we find

(4.7) <Z Z n+nn+1> AN = (0,)).

nes n=0
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Since A, n € S, are the zeros of A (\) with the multiplicity m,,, the Taylor series
oo
of A(N)at A\, n € S,is Y Ay, (A= A,)P. If we plug it back to (4.7) and let A

p=mn

approaches A, then ¢, (0) = M4y, —1Am,, . The proof of

n
(4.8) U (0) = My, k18, sy €S, n=0,1,--+ m, —1
k=0

follows in a similar manner. From (4.1), we get ¥, (z) = ¥, (0) p, (z), n € S.
Owing to (3.1)-(3.3), an easy induction gives

n
(4.9) Ui (#) =D Wnts (0) Py (€),n €S, n="0,1,- ,my — 1.
j=0

Moreover, since ¢ (x,\), ¥ (x,u) are solutions of equation (1.1) and satisfy the
discontinuity conditions (1.3), from (2.1) we know the function (y (z),z (z)) is
continuous on x € [0, 7], hence

d
By the initial conditions (2.2) and equality (2.3), we obtain
AN —Aw

= [ e

Hence d%A N = { ¢ (2, A) ¢ (z, \) dr. A simple manipulation leads to the solution
that

myp+n—1
1 U

Ay = ———

ntn,n

m
=

/ Pm,+n—1—j ($> >\n) 1/’]' (557 )‘n) dx, n = 0.

0

Using (3.1), (3.2) and integrating by parts we get

(4.10) Ay 4nn = / Ontmp—1 (2) Ypiy (x)dz,ne S, n=0,1,--- ,m, — L.

0

By substituting (4.9) in (4.10) and taking the definition of generalized weight num-
bers a, (3.4) into account, we obtain

U
(411) Amn-l-n,n = Zanﬂ-n—jwn-ﬁ-j (l‘) :
j=0

Combining (4.11) and (4.8) we conclude that

n J
Zz/JnJrnfj (O) Zanﬂ'konij,ﬁkfl = ¢n+n (0) .
j=0

k=0

Since 9, (0) # 0, n € S, continuing by induction we finally obtain the relation
(4.5). |



5. THE INVERSE PROBLEM

Inverse Problem 1. Recovering the operator L from one of the following condi-
tions: (i) the generalized spectral data {\,, an}, -n; (1) the two spectra {\,}

neN’ neN?
(X0} neny (ili) the Weyl function M (X).

Remark 1. According to Lemma 3, we know the spectrum {\,}, oy uniquely de-
termines the characteristic function A (X). Similarly, the characteristic function
A% () is uniquely determined by its zeros {)\%}nEN' Combining (4.3), (4.4) and
(4.5), we see that the statements (1)-(iii) of Inverse Problems 1 are equivalent. The
numbers {An, Mp}, cyy can also be used as spectral data.

5.1. The uniqueness theorem. Before giving the uniqueness theorem, we intro-
duce some symbols initially. We agree that L, L denote the operators of the same
form but with different coefficients G (z), h, H, B, 3, d. That is to say if a certain
symbol £ represents an object related to L, then fN will denote the analogous object
related to L, and é =& —é

Theorem 2. (The uniqueness theorem) If )\n =X, 0 =y, neN, then L =1L,

ie. ¢(x) =q(z) ae. on (0,m), h=h, H=H,3=03,v=4 and d =d.
Proof. Because of Theorem 1, we know the generalized spectral data {\,, an},,cn
uniquely determines the Weyl function M (\). It suffices to prove that if M () =
M (\), then L = L. Tt follows from (2.9), (2.10) and (4.1) that
(5.1) ‘(I)m (x,A)‘ < Cslpl texp (= |r]z), j = 0,1, X € Gj.
Define the matrix P (z,\) = [Pjk (z,A)]; 4, , by the following formula

P(z,)) SND,(%A) fI’/(m,)\) _ SDI(%A) (I)/(x,A)

¢ (x,A) @ (z,A) ¢ (2,A) @ (x,X)

ie.,

¢ (x,A) = Pr1 (2, ) ¢ (z,A) + Pra (x,A)
(5.2) { ® (2,)) = Pyy (z,))

Formula (4.2) yields

Py (2 0) = U (2, \) & (2, ) — B0-D (2, 3)
(5:3) { Py (2 A) = B0 (2, ) 3 (2. A) — U (2, )

Combining (4.1) and (5.3) we see that
Piy (2,) = @ (2,) 8 (2,) =8 (2, 1) & (2, )+ (M () = M () ¢ (@,0) & (1),

Owing to (4.1) and (5.3), for each fixed z, the functions P;
functions in A\. Put G = G5 N Gs. According to (2.8), (5.
(5.4) |Piz (2, M) < Cs lp| ™", [Prn (2, 0)] < Cs, A € GY.

By (4.1) and (5.3), we see that if M (A\) = M ()), then for each fixed z, the functions
Pij (z,A) are entire in A. Combining with (5.4), we derive Pi; (z,A) = C (),
Py (z,A) = 0. Taking (5.2) into consideration, we get

(5.5) p(z,A) = C(x) @ (2,2)

) are meromorphic

Pra(2,)) = S (2, 0) @ (2, ) — ¢ (, )\)g(xA)+(M()\)—]\ZI()\)> (2, 0) 3 (2, ) -
k (2,
1) and (5.3), we obtain
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for all x and \. Together with (2.4), we see that for |p| — oo, argp € [e,m — €],

e >0,
(2, 0) = éexp( ipz) (1+o (;))

where b = 1 for < d, and b = by for > d. Combining (4.2) and (5.5) this
yields by = b1, C(z) =1, ie. ¢ (2,A) = @ (2, A) for all z and A and consequently
L=L. O

5.2. Solution of the inverse problem. Without loss of generality, we consider

the inverse problem of recovering L from the generalized spectral data {A,, o}, cx-

Like [25, p.153 (60)], choose an arbitrary model boundary value problem L =

L( (z), h,H,B,7, )suchthat

oo 1/2 oo
(5.6) d=d, (Z (Sn |pn|)2> <00, G < 00,
n=0

n=0

where ¢, = lon = Pnl + lan — @nl. Set Ao == Apy An1 = Ap, My = M,j,

My = My, ¢ni(x) == @(x,A\ni), Pni(T) = @(x, ny), So =8, S1 := 5,

Mn,0 '= Mp, Mn,1 = M,

(o (2, \), 9 (2, 1)) 1o
D = Dy, (z,\u) = —— D (x,\, ).
(.’,U, Avﬂ) )\ _ /1/ ) 7, ("17 ,U,) 77'1/' a)\nauy (SC )\ ,LL)

Fori,j5 =0,1, n € 5;, denote
Mo, L'—l
An+n1(x A) Z Mitp,iDop— n(m A Ansi)
p=n
1 9

@nning ()= 5 Ak (B A) aanss

where k€ N, n=0,1,--- ,m,; — 1. Slmllarly, by replacing ¢ with ¢ in the above
definitions we define D (x, A\, p), Dy (2, A, 1), Ani (@, ), Qnisk,j (), k€N, 4,5 =
0,1. Using the fact that (¢ (z,A),¢ (z,p)) is continuous on z € [0, 7], D (z, A, p),

Dy (I’ A, M)a An,’i (JI, )‘)7 Qn,i;k,j (-77) (.73 A .U) v (x A /L) An,i (JZ, /\)a Qn,i;k,j ($)7
k€N, 4,7 =0,1 are continuous functions of z € [0, 7.

By the same methods as in [25, p.153-156], using Lemma 2, Lemma 3, (2.1),
(3.4), (4.5) and Schwarz’s lemma [6, VI. §2.], we get the following estimates as
nkeN,ij=0,1:

on,i ()] < C, lono () = @ni ()] < O, [Qnyisk,j ()] < m’
|@Qnisk,0 (T) — Qnize1 ()] ﬁ’
|Qn.0:k.5 () = Qn.vikj (2))]

( Sn
|Qn,0:k,0 (T) = Qn,1:k,0 (¥) = Qo1 (T) + Qnorie ()] < Vcﬂ

NN

(5.7)
|oh—pk|+17
—Pk|+1,

The similar estimates are also valid for @y, ; (), Qn,i;;w- (z).

Lemma 4. The following representations hold:
(5.8)

L)En,i ( = Pn,i +Z (Qn ik, 0 <pk: 0 ( ) @n,i;k,l (.17) Pk,1 (J))) , L E N7 Z7,7 = 07 1a
k=0



(5.9)

Qn,i;k,j () = Qnizk,j () = lijo (Qn,i;l,o (@) Quok,j () — Qnizia (2) Ql,l;k,j ($)> )

n,keN, i,j=0,1,

where the series converge absolutely and uniformly with respect to x € [0, 7).
Proof. From (5.6), we obtain d = d and 8 = 3, then by virtue of (2.4), it yields
(5.10) |69 (@,0) = 69 (2, 0)] < ClpP T exp (7] ), j = 0,1.
In the same way, we derive that
(5.11) |69 (2, 0) = 9 (2,3)| < C ol ™" exp (|7l (7 — @), j = 0,1,
Let G = G5 N Gy, using (2.6)-(2.7), (2.10), (4.1) and (5.11) we arrive at
(5.12) ‘qﬂj) (z,\) — ®U) (z, A)] < Cslpl Zexp (= |r|z), j=0,1, A € GO

Further, combining (4.2) and (5.3), we see that
(5.13)

Piy (2,0) = 1+ (0 (2,0) = ¢ (2,0) @' (2,0) = (@ (2,0) = & (2,1)) ¢ (2,1).
It follows from (2.8), (2.9), (5.1), (5.3), (5.10), (5.12) and (5.13) that
(5.14) [Py (2,0 — 1) < Cslpl ™", [Pra (2, 0)] < Cslpl ™", A e GY.
Analogously, we have
(5.15) |Pyy (2,A) = 1| < Cs |p| ™", |Por (z,M)] < Cs, A e GY.

Let real numbers a, b be a < minRe),;, b > max|Im\, ;|, n € N, i = 0, 1.
Consider closed contour Y := 9Qy (with counterclockwise circuit) in the A-plane,
where Qy := {A:a < ReX < R%,[Im\| <b}. By the standard method (see [7,
p.46-70]), using (4.1), (5.2)-(5.4), and Cauchy’s integral formula (see [6, IV. §5.]),
we obtain the identity

616 @) =¢@ N+ [ M0 D @A) le ) dutex 2.,

where

en (z, ) 1 /r @ (z,A) (P11 (2, 1) = 1) + @' (2, \) Pra (x"u)d'u,

~ 2mi A— L
Using (5.14) we acquire

.o
]\;EHOOWF:N (Z‘,A) = 077] P 0

uniformly respect to = € [0,7] and A on bounded sets. Similarly, we have the
relation

(5.17)
- 1 - R
D (z, A\ pu) — D (z,\, p) = o1 ) D (2,0, &) M (&) D (w,&, 1) d€ + ek (2, M, 1),
where ‘
onti

. 1 — P>
A}gnooa)\naquN(xa/\au) 0777,]/0
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uniformly with respect to z € [0,7] and A, u on bounded sets. Calculating the
integral in (5.16) by the residue theorem (see [6, V. §2.]) we have, in light of (4.4),
1 . N .
i Jy M (1) D (z, A, 1) p (2, ) dp = Z (A/c,o (@) ¢r0 (x) — Ak () P (x))
N k=0

for sufficiently large N. Passing to the limit in (5.16) as N — oo we obtain

5@ =@ @A)+ (Ao (@) pro (@) = Aea (@) 11 (@)
k=0

Taking derivative to the both sides of this equation with respect to A the cor-
responding number of times and substituting into A = A, ;, we arrive at (5.8).
Analogously, using the same method on (5.17), it yields

1 ml,pfl
D (l’, A,,LL) -D ({)3'7 )\7/1‘) = Z (_1)1’ Z Z D’I7,0 (.’L’, )\l,p>/1') Al+7},p (LL', )‘) ’
p=0 les, n=0

and taking the definitions of Q, s.1.; (), Qn.ik.j () into account we get (5.9). O

Note that there exists NV € N, such that for n > N, my o = m,,1 = 1. Moreover,

an argument similar to the one used in [27, Lemma 1.3.4] shows that the infinite
series
Z [Mn,0@n.,0 (2) Pn0 () = My 18,1 (%) o ()]
n=N+1
and

oo d _ ~
Z iz [M,08n,0 (2) Pno (2) = Mp16n,1 (2) pn (2)]
n=N+1
converge absolutely and uniformly on [0,d] and [d, 7], respectively. Therefore,
I(z) := =2} (z) is square integrable on [0, 7], where

mnvoflmn,ofl

lo(x) == > X > My 1p.0Pntp—n0 (z) ¥n+n,0 ()
n€Sy n=0 1p:77 )
Mp,1—1Mnp 1—

-2 2 Yo Mgy 1Pntp—n1 (T) Pnina (z)

neS1 n=0 p=n
Mp,0—1my o—1

= > > > Myt p,0Pn+p—,0 (z) Pn+n,0 ()
neSo,n<N n=0 p=n
mnvlflmnvlfl

- > Y. Muip1Pntp-—n1 (T) Pnin1 ()

neSy,n<N n=0 p=n
oo

+ Z [Mn,OQEn,O (Ji) #n,0 (Ji) - Mn,l@n,l (.Z‘) Pn,1 (.Z‘)] .
n=N+1

Lemma 5. The following relations hold
q(x) =q(x) +1(z),
7= (87" =8) 1o (d—0)+7,
h=h-1y(0),H=H+1ly(r).

Proof. The rigourous proof of this lemma is similar to [27, Lemma 1.3.5], [25,
Lemma 5]. O
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Remark 2. For each fized © € [0,7] the relation (5.8) can be considered as a
system of linear equations with respect to ¢, ; (x), n € N, i =0,1. But the series in
(5.8) converges only “with brackets”, i.e., the terms in them cannot be dissociated.
Therefore, it is inconvenient to use (5.8) as a main equation of the inverse problem.
Below we will transfer (5.8) to a linear equation in the Banach space of bounded
sequences.

Denote w = {ulu = (n,i),n € N,i=0,1}. For each fixed x € [0,7] we define
the vector

¢u»:[@xxm£w==[§2%§§LwN

by the formula

1) e ]=l el ]

-1
_ S sn £ 0,
Xn = { 07 Sn = 0.
We also define a block-matrix

Hi 05,0 () Hy 05,1 ()

H (J}) = [Hu;’u (x)}u7U€w = |: Hn,l;k,O ((E) Hn,l;k,l (1’) , U = (n,i), v = (k},j)

:|n,k€N
by the following formula
Hp o0 (%) Hpog () } _ [ Xn —Xn } { Qn,0i,0 () Qnosk,1 () ] [ ke 1 ]
Hn,l;k:,O (.’17) Hn,l;k},l (CIJ) 0 1 Qn,l;k:,O (.TI) Qn,l;lal (I) 0 1 ’
Similarly we introduce ¢y ; (z), ¢ (z) and H, ;.1 ; (z), H (z) by replacing o, ; (z)
by @n.i (@), and Qn ik j () by Qn,isk,j (). Using (5.7) we get the estimates

‘d)n,i ($>| g C ani ( ) g Cv
(5.19) Cer - Cer
[Hpisk,j ()] < Toh—pLF1’ Hi sk (l’)’ < Toh—plF1"
Consider the Banach space B of bounded sequences a = [ay],c,, With the norm

llall 3 = sup,e, |au|- It follows from (5.19) that for each fixed « € [0, 7] the opera-

tors I + H () and I — H (z) (here I is the identity operator), acting from B to B,
are bounded, and

1 (@) < Csup <o,
B §:|1 P+ 1

o, < ©
H (z) B—B Supz| ! pk|+1 =0
Theorem 3. For each fized x € [0, 7], the main equation

(5.20) 6(0) = (1+ (@) 6 ()

for the vector ¢ (x) € B is uniquely solvable in the Banach space B. Moreover, the

operator (I +H (x)) is bounded in B.
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Proof. Rewriting (5.8) in the form

oo = [ [ [ Gty e [ 20 ] omen

substituting here (5.18) and taking into account our notations of Qi ; () and
Qn.izk,j () we arrive at

(5'21) (gn,i ( ¢nz +Zank,] ¢k,j ( )a (nal)7(k'7]> cw

which is equivalent to (5.20) and the series in (5.21) converges absolutely and uni-
formly for x € [0,n]. Similarly, by the definitions of Hy, .k ; (2), Hn ik j (2), (5.9)
becomes

f{n,i;k,j (17) - n ; k,j ZHYL ;1 p Hl,p k,j ( ) ) (TL,Z) ) (k,]) ) (l,p) cw

which is equivalent to
(I+H@ﬂ(L—H@»:I.

Replacing L for L, one gets analogously
U—H@»Q+ﬁu»:L
N -1
Hence the operator (I +H (x)) exists, and it is bounded in B. (]

Equation (5.20) is called the main equation of the inverse problem. Using the
solution of the main equation one can construct the function g, the coefficients 3, v
of the discontinuity conditions, and the coefficients h, H of the boundary conditions.
Thus, we obtain the following algorithm for solving the inverse problem.

Algorithm 1. Suppose the spectral data {\,, an}, y be given. Then
(i) calculate M, n € N, by solving the linear systems (4.5);

(ii) select L = i(cj(m),fz,fl,@ﬂ,d) satisfies (5.6) and calculate ¢ (x) and
1(

H(x);
(iii) choose ¢ (x) by solving equation (5.20) and calculate oy o (z) via (5.18);
(iv)

iv) construct q, v, h, H, 8 by Lemma 5.
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