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Abstract The thickness 8(G) of a graph G is the minimum number of planar subgraphs
into which G can be decomposed. In this paper, we provide a new upper bound for the
thickness of the complete tripartite graphs K, , », (n > 3) and obtain §(K,, . n) = {”T'H],
when n = 3 (mod 6).
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1 Introduction

The thickness 0(G) of a graph G is the minimum number of planar subgraphs into which
G can be decomposed. It was defined by Tutte [10] in 1963, derived from early work
on biplanar graphs [2,11]. It is a classical topological invariant of a graph and also has
many applications to VLSI design, graph drawing, etc. Determining the thickness of a
graph is NP-hard [6], so the results about thickness are few. The only types of graphs
whose thicknesses have been determined are complete graphs [1,3], complete bipartite
graphs [4] and hypercubes [5]. The reader is referred to [7,8] for more background on the
thickness problems.

In this paper, we study the thickness of complete tripartite graphs K, »pn, (n > 3).
When n = 1,2, it is easy to see that Ky 11 and K322 are planar graphs, so the thickness
of both ones is one. Poranen proved 0(K, ,,) < [g] in [9] which was the only result
about the thickness of K, ,, as far as the author knows. We will give a new upper
bound for §(K,, ) and provide the exact number for the thickness of K, ,, ,,, when n is

congruent to 3 mod 6, the main results of this paper are the following theorems.
Theorem 1. Forn >3, 0(Kpnn) < {”T“] + 1.

Theorem 2. 0(K,,,) = ["T‘H] when n = 3 (mod 6).

2 The proofs of the theorems
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In [4], Beineke, Harary and Moon determined the thickness of complete bipartite graph

K, for almost all values of m and n.

Lemma 3.[4] The thickness of K, is (%W except possibly when m and n are

=l

odd, m < n and there exists an integer k satisfying n = L
Lemma 4. Forn >3, 0(K,n,) > [”T‘H]

Proof. Since Kp 2, is a subgraph of K, ,,, we have 0(K,,,) > 6(K,z2,). From

Lemma 3, the thickness of K, 2, (n > 3) is ["TH], so the lemma follows. O

For the complete tripartite graph K, ,, with the vertex partition (A, B,C), where
A = {ag,...,an—1}, B = {bg,...,bp—1} and C = {co,...,cn—1}, we define a type of
graphs, they are planar spanning subgraphs of K, ,, ,,, denoted by G|a;b;j1;ci+], in which
0 <14,j,k <n—1and all subscripts are taken modulo n. The graph G[a;bj4cy] consists
of n triangles a;b;yicy4; for 0 < i < n — 1 and six paths of length n — 1, they are

apbj+1Cr12a3bj1aCkys5 - - A3ibj43i+1Ck13i42 - - -

cka1bjiaCk3a4bjy5 ... Cpy3i03i 410513142 - -,

bjCr+1a2bj43CK 4405 - .. Dj43iCk13i+103i+2 - - -,

apCr+1bj12a3Ckabjis5 ... a3iCry3i+1bj13i42 ..,
bjaicr42bj4+3a4Ckys5 - .. bj13ia3i41Ck+3i12 - - -,

Ckbj+1a2Ck 13D 1405 - . Ch13:bj+3i+1a03i42 - - - -

Equivalently, the graph G[a;b;ick] is the graph with the same vertex set as K, , , and
edge set

{aibjyi—1,a:bjqi, aibjpivt, QiChriot1, QiCryi, QiCkyip1 | 1 < i <n — 2}
U{bjtiChti-1, bjtriChiis bjrichyipr | 1 < i <n—2}
U{aobj, aobji1,an-1bj1n—2,an-1bj4n_1}
U{@oCk; A0Ck+15 An—1Cktn—2; An—1Chin—1)}

U{bjck, bjCrr1, bjsn—1Ckn—2, 0jyn—1Cktn—1}-

Figure 1(a) illustrates the planar spanning subgraph Gla;b;c;] of K55 5.



(b) The subgraph G of K555 (c) The subgraph G5 of K555

Figure 1 A planar subgraphs decomposition of K55

Theorem 5. When n=3p+2 (p is a positive integer), 0(Kpnn) < p+ 2.

Proof. When n = 3p+2 (pis a positive integer), we will construct two different planar
subgraphs decompositions of K, , , according to p is odd or even, in which the number
of planar subgraphs is p + 2 in both cases.

Case 1. pisodd. Let Gi,...,G, be p planar subgraphs of K, , , where
Gi = Glaibiysg—1)Civee—1), for 1 <t < P and Gy = Glaibiys—1)Civo(—1)42], for
pTJ“g <t < pandp > 3. From the structure of G[a;bj;ickyi], we get that no two edges
in G1,...,G), are repeated. Because subscripts in Gy,1 < ¢t < p are taken modulo n,
{3(t—=1) (modn) |1 <t <p}={03,6,....3(p— 1}, {6(t—1) (modn) | 1 <t <
%} ={0,6,...,3(p—1)} and {6(t—1)+2 (mod n) | % <t<p}=13,9,...,3(p—2)},
the subscript sets of b and ¢ in Gy, 1 <t < p are the same, i.e.,



{i+3(t—1) (modn)|1<t<p}

1 3
— {i+6(t—1) (modn)|1<t< %}u{wﬁ(t—nm (mod n) | 7% <t<p)
Furthermore, if there exists t € {1,...,p} such that a;b; is an edge in Gy, then a;c; is an

edge in Gy, for some k € {1,...,p}. If the edge a;b; is not in any G, then neither is the
edge a;cj in any Gy, for 1 <t < p.
From the construction of Gy, the edges that belong to K, ,,, but not to any G;, 1 <

t < p, are
aobzt—1)-1, @oC3(t—1)—-1, L1<t<p (1)
an-1b3(1-1), @n-1c3—1), 1<t<p (2)
aibi—3, abi2, 0<i<n-—1 (3)
a;ici—3, ai¢;—2, 0<i<n-—1 (4)
. p+3
biciy3it-1)-1, biCiyze-1), 0<i<n-—Tlandt= o (5)
p+1
bS(t—l)c6(t—1)—17 b3(t—1)—106(t—1), 1<t < 5 (6)
p+3
b3(t—1)C6(t—1)+1> D3(t—1)—1C6(t—1)+2+ S <t<pandp=>3 (7)

Let Gpy1 be the graph whose edge set consists of the edges in (3) and (5), and Gp2
be the graph whose edge set consists of the edges in (1), (2),(4),(6) and (7). In the
following, we will describe plane drawings of G41 and Gpyo.

(a) A planar embedding of Gpy1.

Place vertices bo, b1,...,b,—1 on a circle, place vertices a;1+3 and ¢, nt1 in the middle of
b; and b;;1, join each of a;;3 and ¢, ot to both b; and b;11, we get a planar embedding
of Gpy1. For example, when p = 1, n = 5, Figure 1(b) shows the subgraph G of K55 5.
(b) A planar embedding of Gjp2.

Firstly, we place vertices cg,cq,...,c,—1 On a circle, join vertex a;13 to ¢; and ¢;y1, for
0 <i<n-—1,sothat we get a cycle of length 2n. Secondly, join vertex a,—1 to c3(;_1) for
1 <t < p, with lines inside of the cycle. Let £; be the line drawn inside the cycle joining
@n—1 With cg(_1y_1 if 1 < ¢ < L or with g1y if 252 <t <p (p>3). For 1 <t <p,
insert the vertex bs;_1) in the line ¢;. Thirdly, join vertex ag to c3;_1)—1 for 1 <t < p,
with lines outside of the cycle. Let ¢} be the line drawn outside the cycle joining ag with
co(—1) if 1 <t < % or with cg;_1)42 if % <t<p(p>3). For 1 <t <p, insert the
vertex bz;_1)—; in the line ¢;. In this way, we can get a planar embedding of G,2. For
example, when p = 1, n = 5, Figure 1(c) shows the subgraph G3 of K55 5.

Summarizing, when p is an odd positive integer and n = 3p+ 2, we get a decomposition
of Ky nn into p + 2 planar subgraphs Gy, ..., Gpio.



Case 2. piseven. Let Gy,...,G), be p planar subgraphs of K, ,, , where
Gt = Glaibiy3¢-1)Civ6(t—1)+3), for 1 < ¢ < 55 and Gy = Glaibiy3¢-1)Civ6(t-1)42], for
% < t < p. With a similar argument to the proof of Case 1, we can get that the
subscript sets of b and ¢ in Gy, 1 <t < p are the same, i.e.,
{i+3(t—1) (modn)|1<t<p}

={i+6(t—1)+3(modn)|1<t< }U{z+6(t—1)+2(modn)y <t<p}

From the construction of Gy, G’p and G pt2 have n — 2 edges in common, they are

bz+3(%— 1)Cit6(2E2 —1)+10
two graphs to avoid repetition.

The edges that belong to K, , , but not to any Gy, 1 <t < p, are

1<i<n—1and: 7& n — 4, we can delete them in one of these

aobz(t-1)-1, @oC3(t-1)-1, L1<t<p (8)

an-1b3(¢—1), @n-1c34-1), 1<t<p 9
aibi—3, abio2, 0<i<n-—1

aici—3, ai¢ci—2, 0<i<n-—1

bici—1, bici, biciy1, 0<i<n—1 12
bt-1)c6t—4, 1<1t< g 13
bs(t—1)C6t—5, ]%2 <t<p (14)
b3t-1)-1C6t—3, 1<t< g (15)
b(t—1)—1C6t—4, # <t<p (16)

Let Gp41 be the graph whose edge set consists of the edges in (10), (11) and (12), and
Gp+2 be the graph whose edge set consists of the edges in (8), (9), (13), (14), (15) and (16).
We draw G4 in the following way. Firstly, place vertices by, cg, b1, c1, ..., bp—1,¢p—1 ON
a circle C, join vertex ¢; to b; and b;y1, we get a cycle of length 2n. Secondly, place
vertices ag, as, ...,a,_2 on a circle C' in the unbounded region defined by the circle C
such that C' is contained in the closed disk defined by C’, place vertices a1, as, ..., a,_1
on a circle C” contained in the bounded region of C. Join a; to b;_3,b;_2, c;_3, and ¢;_o,
join b; to ¢;41. We can get a planar embedding of Gp11, so it is a planar graph. Gp2 is
also planar because it is a subgraph of a graph homeomorphic to a dipole (two vertices
joined by some edges). For example, when p = 2, n = 8, Figure 2(c) and Figure 2(d)
show the subgraphs G3 and G4 of Kggg respectively.

Summarizing, when p is an even positive integer and n = 3p + 2, we obtain a decom-

position of K, ;5 into p + 2 planar subgraphs G, ..., Gpio.



Theorem follows from Cases 1 and 2. |

From the proof of Theorem 5, we draw planar subgraphs decompositions of K5 55 and

Kgg g as illustrated in Figure 1 and Figure 2 respectively.

(b) The subgraph G2 — byco — bsc1 — beca — boca — bics — bace of Kggg in which
Go = Gla;bit3ci]
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(¢c) The subgraph Gs of Ksgss (d) The subgraph G4 of Kssg

Figure 2 A planar subgraphs decomposition of Kggg

Proof of Theorem 1. Because K,,_1 11 is asubgraph of Ky, , n, 0(Kp—1n—1,n-1) <
0(Knnn), by Theorem 5, (K, nn) < p+ 2 also holds, when n =3porn=3p+1 (pis

a positive integer), the theorem follows. O

Proof of Theorem 2. When n = 3p is odd, i.e., n = 3 (mod 6), we decompose
Knnn into p + 1 planar subgraphs Gi, ..., Gpi1, where Gt = Glaibiy34—1)Ciy6(—1)], for
1 <t < p. With a similar argument to the proof of Theorem 5, we can get that the

subscript sets of b and ¢ in Gy, 1 <t < p are the same, i.e.,
{i+3(—1) (modn)|1<t<p}={i+6(t—1) (modn)|1<t<p}

If the edge a;b; is in Gy for some ¢t € {1,...,p}, then there exists k € {1,...,p} such that
a;cj is in Gy. If the edge a;b; is not in any Gy, then neither is the edge a;c; in any Gy,
for 1 <t <p.

From the construction of Gy = Glaibi;3(1—1)Civ6(t—1)], We list the edges that belong to
Ky o but not to any Gy, 1 <t < p, as follows.

aobz(t-1)-1, @oC(t-1)-1, L1<t<p (17)
anfle(t—l)a An—1C6(t—1); 1<t<p (18)
b3(t—1)C6(t—1)-1, b3(t-1)-1C6(t—1)s 1<t <p (19)

Let Gp41 be the graph whose edge set consists of the edges in (17), (18) and (19). It is

easy to see that Gpy1 is homeomorphic to a dipole and it is a planar graph.
Summarizing, when p is an odd positive integer and n = 3p, we obtain a decomposition

of Ky, .n into p+1 planar subgraphs G, ..., Gp41, therefor 0(K,, , ) < p+1. Combining

this fact and Lemma 4, the theorem follows. [l
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According to the proof of Theorem 2, we draw a planar subgraphs decomposition of

K333 as shown in Figure 3.

A 1)

(a) The subgraph G; = Gla;bic;] of K333 (b) The subgraph G of K333

Figure 3 A planar subgraphs decomposition of K333

For some other §(K, ;) with small n, combining Lemma 4 and Poranen’s result men-
tioned in Section 1, we have 0(Ky44) = 2,0(Ks6,6) = 3. Since there exists a decomposi-
tion of K777 with three planar subgraphs as shown in Figure 4, Lemma 4 implies that
0(Kr77) = 3. We also conjecture that the thickness of Ky, 5, is [”—*1] for all n > 3.

(a) The subgraph Gi = Gla;bic;] of Kr77



(b) The subgraph GQ - albg - CLng - a3b4 - a4b5 - a5b6 - b001 - blcg - b364 — b4C5 — b506
of K77777 in which G2 = G[aibi+gci+4]

(Go) () (b
@@@@@@@@@/@
Gy &)

(c) The subgraph G of K777

Ge)

Ny

@

Figure 4 A planar subgraphs decomposition of K777
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