FRACTIONAL NONLINEAR SCHRODINGER EQUATIONS
WITH SINGULAR POTENTIAL IN R"

GUOYUAN CHEN AND YOUQUAN ZHENG

ABSTRACT. We are interested in nonlinear fractional Schrédinger equations
with singular potential of form

A
(—A)*u= Z—u+[u"lu, R™\{0},
||
where s € (0,1), @ > 0, p > 1 and A € R. Via Caffarelli-Silvestre extension

method, we obtain existence, nonexistence, regularity and symmetry proper-
ties of solutions to this equation for various «, p and .

1. INTRODUCTION AND MAIN RESULTS

The purpose of this paper is to investigate nonlinear fractional Schrodinger e-
quations with singular potentials as follows,

S )\ — n
(~A)u= ou P R (0} (1)
where
s u(z) — u(y)
(=A)*u = C, (P.V. /R T T dy (1.2)

is the fractional Laplacian with s € (0,1), « >0, p > 1 and A € R. Here C), 5 is a
normalized constant.

Because of the nonlocal property, traditional analysis techniques for local dif-
ferential equations become difficult when dealing with (1.1). Instead, we use the
extension method for fractional Laplacian developed by Caffarelli and Silvestre
in 9. Let R?"" = R" x R4, then OR}"' = R™. We consider the following
degenerate elliptic problem

div(#=%VU) =0, in R},
A
— lim t'7%0,U(z,t) = ks (U(z,0)+(|U|”1U)(x,O)>, on ORI,
t—0+ ||
(1.3)

where kg = 25(,171}5()&) Let

HYRH#172%) = {U (R R‘ / (U? + |VUD > dxdt < oo}
Ry

with inner product

<U,V>H1(Ri+1,t1,25)=/ +1(UV+VU-VV)t1‘25dxdt, U, Ve H (R 172,
R
1
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L*(R", = { ‘ / L g < oo}
e \ Jalo

By the extension formula in [9], in the Sobolev space Hl(R1+1,t1_25), the trace
U(z,0) of a solution U(x,t) for (1.3) on ORI is a solution to (1.1). Let B, (resp.
B,) be the ball with radius r centered at 0 in R"*! (resp. R"), B := B, N R}
and S} := 9B, NRIT.

The first result of this article is a Pohozaev type identity for (1.3) which gener-

alizes a result of [20]. As its application, we then obtain some non-existence results
for (1.1).

and

Theorem 1.1. IfU € H' (R}, #'72%) with U(-,0) € LM (R")NL*(R", i) is a
weak solution to (1.3) (see Definition 2.1 below for the definition of weak solutions),
then for almost everywhere r € (0,400), it holds that

2s — 2 -2
Y <50‘) / v Tk (n _n 8) / leflass (1.4)
2 B, |z|* p+1 2 B
2
- f/ t1_2“"|VU|2—7“/ =28 ou _ /@5/\7‘/ U?
2 Jsyt St 2 Jop, |z|®

_ KsT/ |U|p+1_”_23/ 151—2867[](]7
p+1 9B, 2 s ov

ov
here v is the unit out normal vector of S;t.

Remark 1.1. In the case A = 0, i.e., the case without singular potential, the Po-
hozaev type identity was obtained in [/], [0], [1], [12], [50]. Also note that [/] and [7]
deal with the operator As (s € (0,1)) which is the spectral fractional Laplacian de-
fined via the eigenvalues of the Dirichlet Laplacian in bounded domains. By [/0],

n+2s
As is different from (—A)® defined by (1.2). When a = 2s, A < 225%
and p € (1,2£2%] Theorem 1.1 was obtained in [20]. Pohozaev identities for
space-dependent fractional-order operators was obtained in [20], the authors of [/3]
found and proved new Pohozaev identities and integration by parts type formulas

for anisotropic integro-differential operators.

Let 2*(s) = -22_ and H*(R") be the Sobolev space of order s. As applications

n—2s
of the Pohozaev type identity above, we have

Corollary 1.1. (1) IfA>0, a <2s and 1 <p < 2%(s) — 1, then (1.1) has no
nontrivial solution in H*(R™) N L?*(R™, ) );
(2) If o = 2s and p # 2*(s) —1, then there exists no nontrivial solution to (1.1)
in H¥(R™) N LPT1(R");
(3) If o # 2s and p = 2*(s) — 1, then there exists no nontrivial solution to (1.1)
in H*(R™) N L*(R", \z1|a ).

Remark 1.2. For equation (1.1) on bounded domains in R™, the existence and
nonezistence problems become quite different, we refer the interested readers to
reference [18] for details.
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Next, we focus on the nonnegative solutions to (1.1) for o = 2s and p = 2*(s) —

1= f:g‘:j In this case, (1.1) becomes

s A _4s_ n
(—A)°u = WU + |ul==%u, R"\{0}. (1.5)

The operator H := (—A)® — ﬁ appears in the study of stability of relativistic

matter in magnetic fields (see i.e. [23,27,341]). Tt is also related to the following
Hardy-type inequality which was obtained by Herbst [27] (see also [2,49]):
Mo [l u@Pde < [ jePla@ P e CRRY. (16)

where the sharp constant A, s is given by 225%, I' is the usual gamma

function and @ denotes the Fourier transform of u. Note that A, ; converges to
the classical Hardy constant (n — 2)2?/4 as s — 1. Some basic properties (Hardy-
Lieb-Thirring inequalities, self-adjointness, spectrum, unique continuation, etc.)
of such kind of relativistic Schrédinger operator have been investigated. See, for
example, [23], [22], [19], [20]. When s = 1, we refer the readers to [32,11] and the
references therein for some related results.

In recent years, motivated by various applications, there is a large amount of

work on fractional Schréodinger equations with critical exponent. In [36] and [13],
the authors proved that every positive regular entire solution u(x) of equation
(—A)u=urs (1.7)

is radially symmetric and decreasing about some point x(, precisely,

n—2s

=< (@ =zp)

with some positive constants ¢ and a. In [8], the authors proved that all nonnegative
solutions with isolated singularities to Equation (1.7) on a ball are asymptotically
radial symmetric, those results generalize the classical results obtained by [25],
[10]. In [14], Delaunay-type solutions for (1.7) with an isolated singularity were
constructed. Note that (1.7) is the spacial case of (1.5) when A = 0, it is closely
related to the fractional Yamabe problem, we refer the interested readers to [31,33]
and the references therein on this topic. Consider the extension form of (1.5) for
nonnegative U,

div(#=2*VU) =0, in R},

. _2s A n42s N
15%1 t17250,U (x,t) = kg (WSU(:C,O) F U (ac,())) , on ORI
(1.8)

Then we have

Theorem 1.2. Let A > 0, if U is a nonnegative weak solution to (1.8), then (1) U
is positive and U € C=(RIT\{0}); (2) for any t >0, U(z,t) is radial symmetric,
decreasing in radial directions with respect to x.

The proof of Theorem 1.2 is based on a combination of the Cafferelli-Silvestre’s
extension and the method of moving spheres. The method of moving planes or
moving spheres is a strong technique in studying the symmetry and monotonicity
of solutions of various elliptic differential equations and some conformal invariant
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integral equations. See, for example, [3,10,11,13,25,30,35-38,45] and the references
therein. In [8,31], the authors applied the method of moving spheres to fractional
Yamabe equations successfully by using the Cafferelli-Silvestre’s extension tech-
nique. In [1,12,16,21,28,29], the authors developed a direct method of moving
planes to prove the symmetry and existence of solutions to some semi-linear elliptic
equations involving fractional Laplacian. Both of these approaches need to recover
concrete maximum principles as in the classical case.

When using the method of moving spheres (or moving planes), each problem
has its own difficulties. In our problem, equation (1.8) is not exactly conformally

invariant as the ones in [8,31] (A = 0), that is, after Kelvin transformation, (1.5)
becomes .
S
p A _ i
(ZA) tsop = <|x - $0|> |Zp,z0 % Ugzo,p = Uzo,p > (1.9)

where z is any fixed point in R” \ {0}, uy,,, is the Kelvin transformation of u:

Uay,p(€) = (K_pm)nzs <x + ;(5 ;”';”), £ e R\ {o).

For the detailed proof of this equation, see Appendix A below. The second term
in the left side of (1.9) makes the verification of main ingredients of the method of
moving spheres more complicated. For more details, see Section 5.

As a consequence of Theorem 1.2, we have

Corollary 1.2. Let A > 0, if u is a nonnegative weak solution to (1.5), then u
is smooth and positive in R™ \ {0}, radial symmetric about the origin and strictly
decreasing in radial directions.

Remark 1.3. When s =1, this kind of results was obtained in [50,/5].

In the classical case s = 1, when ) is greater than the Hardy constant (n—2)%/4,
there is no positive solution to (1.5), see, for example, [30,48]. In the fractional
case, we have a similar nonexistence result as follows.

Theorem 1.3. Assume that A > A,, 5, there is no nonnegative nontrivial solution

of (1.8) in Hl(RT'l,tl’QS).

Here H'(R'/*!,#172%) denotes the completion of the set C§°(R’'*") under the

norm
Ull » — 1-2s VU
| ||H1(Ri“,t1—2-*) </Ri“ t | |>

The key point of verifying this theorem is constructing proper test functions by
an eigenvalue problem on the up-half unit sphere in Ri“. To be more precisely,
let S™ be the unit n-dimensional sphere in R"*! and

S" ={0=(01, - ,0n,0n11) €S™: 0,11 > 0}.

1
2

From the compactness of S and [44, Theorem 6.16], there exists some positive
function vy in H( 179n+1 ) satisfying

{ divSn<ei+%vsnw1> (Z5m)291 %, in ST,

— lim 9711+1 Vsnth1 - €nt1 = Ay skstPy, on OST. (1.10)

On+1—0
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Here e 11 = (0,---,0,1) € S%. This yields the nonexistence for A\ > A, ; by

7n

choosing | X | (%) as a test function for problem (1.8). For more details,

see Section 6 below.
As a consequence, we have

Corollary 1.3. Assume that A\ > A, s, then there is no nonnegative nontrivial
solution of (1.5) in H®(R™).

Here and what follows, H*(R™) denotes the completion of C§°(R™) with respect
to the norm || - HHs(Rn) induced by the scalar product

/ €2 a()D(E)dE, u, v € CF(R™). (1.11)

We denote the corresponding inner product by (-, -) . (R")-
Finally, we prove a existence result. To this aim, we consider the following
minimization problem

QW)
AN = : 1.12)
( ) UEH(R1+1¢1_28) HU(.7O) %*(s) (
where
2 .
Q) 12/ . t1*25|VU|2 — KsA W’ Ue Hl(RTrl?thS).
R}

Then we have

Theorem 1.4. If 0 < A < A, 5, then there exists a positive solution to (1.8) in
HY(RT #172%) which is a minimizer of problem (1.12).

In order to prove this result, we prove that any minimization sequence {U} of
(1.12) with nontrivial weak limit V' yields that {Uj} approaches to V with respect
to the Hl(RiH, t172%)-norm topology. Thus the existence follows. Then, inspired
by [16, Proof of Theorem 1.5], we show that if a minimization sequence {Uj} has
a trivial weak limit, then after rearrangement and some proper rescaling of {Uy},
there exists a minimization sequence {Uy} with nontrivial weak limit.

From Corollary 1.2 and Theorem 1.4, we have

Corollary 1.4. If0 < A < A,.,, then (1.5) has a positive solution in H*(R™) and
it is smooth and positive in R™\ {0}, radial symmetric about the origin and strictly
decreasing in radial directions.

Remark 1.4. (1) For the classical case s = 1, the existence and classification of
positive solutions were investigated in many papers, see e.g. [/5], [30], [17] and the
references therein.

(2) Corollary 1.4 was also proved in [16] by a nonlocal setting moving plane
method and maximizing the problem

lull3-()
S(A) = sup ) (1.13)
weHs=(Rm)\{0} Q(u) =

7lS )‘2 ’U,2(J}) TS (RN
- /n/n |$_y‘n+28 oy ey = | e PR,

where
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Note that (1.13) is equivalent to
it 2

1.14
we s (Rm)\{o} [[ull3 (1.14)

2+(s)
the existence of minimizers to (1.14) does not imply the existence of minimizers to
(1.12).

(8) In [2/], the authors established the existence of nontrivial weak solutions for
the following doubly critical problem on R™,

|’U,‘ 2<n ’v) 2u

[

(—A)*u— ——u = |u| T u+ , R"\ {0}, u>0

|z[25
for s € (0,1), v€(0,2s) and 0 < A < A,y 5.

This paper is organized as follows: in Section 2, we give some preliminaries for
our further investigation. In Section 3, we prove Theorem 1.1 and Corollary 1.1.
Section 4 contains the proof of regularity property in Theorem 1.2. In Section 5, we
prove the symmetry and monotonicity properties in Theorem 1.2 by the method of
moving spheres. Sections 6 and 7 are devoted to the proof of Theorems 1.3 and 1.4
respectively. Appendix contains the detailed computation of Kelvin transformation.

2. PRELIMINARIES

In this section, we illustrate some definitions and basic results.
Let © be a domain in R™ with Lipschitz boundary and s € (0,1). The s-order
Sobolev space H*(Q) is defined by

H(Q) = {u € LX) / |x L y|n(+2)s|2da;dy < oo}

with its norm given by

(] lu(z) — u(y)? :
ull s (@) = </Qu das—!—/Q o ey dxdy | .

Let X = (z,t) € R"*! where x € R" and t € R, D C R{"! be a domain with
Lipschitz boundary. It is well-known that [¢[!~2 is an element of the Muckenhoupt
Ay class in R"*! (see [39]). Define L?(D,t'72%) to be the Hilbert space of all
measurable functions U on D with norm

1
2
|UllL2(p 120y = (/ tlQSUQ(X)dX) < 0.
D

The space of all functions U € L?(D,t'72%) with its weak derivatives VU exists
and belongs to L?(D,t'72%) is denoted as H'(D,t'72%). The norm in H!(D,t'72%)
is

2

U 1 (p 120y = </ t1*28U2(X)dX+/ t125|VU|2(X)dX)
D D
Correspondingly, the inner product on H'(D,#172%) is given by

<U, V>H1(D,t1—25) ::/ tl_QS(UV-l-VU-VV)dX.
D
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Every element in H!(D,t'72%) has a well-defined trace. To be more precisely,
one has the following proposition (for the details of its proof and other related
results, see e.g. [17,31]).

Lemma 2.1. ( [91, Proposition 2.1]) Let Q@ C R™ be a domain with Lipschitz
boundary and R > 0. Set D =Qx (0,R) CR"xRy. IfU € H'(D,t'=2)nC(DU
d'D), then u:=U(-,0) € H*(Q) and

||u||Hs(Q) < CHUHHl(D,tl*ZS)a
where C' is a positive constant only depending on n, s, R and ). Therefore, for
every U € HY(D,t172%), the trace U(-,0) is well-defined and belongs to H*(Q).
Furthermore, there exists a positive constant Cy, s depending only on n, s such that

1U( -’O)Han_n2S @ < Cn78||VU||L2(D,t1725) forall UeCX(DUID,).

Here and after, for a domain D C Ri“ with boundary 0D, &' D denotes the
interior of D N IR} in R™ = OR"*! and 9"D =: 0D \ &'D.

For further applications, we need the following Sobolev embedding inequali-
ty which was proved in [15, Proposition 2.1.1]. The embedding for more general
weighted functions of A, type can be found in [17].

Lemma 2.2. There ezists a constant C' such that, for all U € HI(R?_“,tl*QS),
one has

2

1
2y
(/ t1—2s|U2'y> S C (/ tl—2$|VU|2> ,
Ri+1 Ri+1

where v = 1+ﬁ.

Let Br(X) be the ball in R"*! with radius R and center X, Bf(X) = Br(X) N
R and Bg(z) be the ball in R™ with radius R centered at x. For simplicity, we
will write B(0), BT (0) and Br(0) as B, B" and Bg, respectively.

Definition 2.1. We say W € HY (B}, t172%) N L*(B, =) is a weak solution to

ER
div(t'=25VU) =0, in Bf,

— lim t'72%0,U(x,t) = k4 LU(x,O)jL (JU|P~'U)(x,0) ), on 0B}, = Bg,
t—0+ ||
(2.1)

if for all V € C§° (B}, U BR), the following equation holds,

A
/ HBVW - VVdadt = ns/ (W(a:,O) + (IWIPIW)(%O)> Vdz.
R1+1 Br

||

The functions in H*(R") have natural extension in H'(R™, ¢172%). To be

more precisely, for all v € H*(R"), define

Uz, t) = (Ps xu)(z,t) := - Ps(z — &, )u(§)dE, (z,t) € Ri“, (2.2)

where
tQS

Ps(z,t) = i(n,s) (2.3)

n+2s
2

(> +22)
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with the normalized constant t(n,s) such that [g, Ps(x,1)de = 1. Then U €
C=(R}) and U € L?(K,t'72°) for any compact set K in R, VU € L2(R/ ™, #1729).
Moreover,

div(t'"?*VU) =0, in R},
and
||VUHL2(t1—2s,R1+1) = "@s”UHHs(Rny (2.4)

We call U(xz,t) = (Ps % u)(z,t) the extension of u(z) for any u € H*(R™).

Lemma 2.3. [71, Lemma A.3] Let u € C§°(R™) and U(-,t) = Py(-,t)*u(-). Then
for any W € Ce(RIIH) with W (-,0) = u(z), it holds that

/ t1—28|VU|2 S/ t1_28|VW|2.
Ri+1 R1+1
Lemma 2.4. Let U € H' (R, t12%). Then
KelU 0y < 10 g s oo (25

Proof. Combining (2.4) and Lemma 2.3, we immediately have (2.5). O

3. PROOF OF THEOREM 1.1 AND COROLLARY 1.1

In this section, we prove a Pohozaev-type identity for (1.3) inspired by the proof
of [20, Theorem 3.1]. Moreover, as its applications, we investigate the nonexistence
of solutions for problem (1.1).

Proof of Theorem 1.1. Let p < r < R. Set Os := (B} \E) NA{(z,t)|t > ¢} with
§>0. Let 9O5 = OsN{t =6}, 8"Os = 005\ &' O and v be the unit outer normal
of 00s. Multiplying (1.3) by X - VU and integrating by parts in Oy, we obtain that

2
f/ tlfzsatU(X'VU)+/ ti=2sy ou f/ tlep‘aU
905 STr{t>s} ov Stn{t>6) ov

= / tH=2VU - V(X - VU)
Os

2

1
:/ t1*2S|VU|2+f/ 725X . V(|VU?)
05 2 Oé

1 1
:/ t1’25|VU|2+7/ div(t1’23|VU|2X)—f/ div(t' 72 X)|VU|?
Os 2 Jo, 2 Jo,

_9 1 1 ;
=== / #72YU 2 — */ 272 VU + */ tEIVUPX v,
2 Os 2 804 2 9" O

That is,
2
_/ t172s a£
"9
SHn{t>s} v

ouU 2

—/ 51*2SatU(X-VU)+/ =25 | —
904 Sf{t>6) v

-2 1
__n S / t1—2S|VU|2 _ 7/ 52_25\VU\2
2 Os 2 Joos
1 1
+f/ =25 | VU | - 7/ 1725 p|VU|?. (3.1)
2 S n{t>s} 2 SHn{t>d}
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Rewriting the first term of the left side of (3.1), we have

/ 51*258tU(X-VU)=52’25/ |6tU|+/ 87 (x - V,U)O,U.
8’04 0'0Os 9’'0Os

Thus
-2 62—25
n S / t1_23|VU|2 _ _ / |VU|2 + 62—23/ |8tU|2
2 Jo, 2 Joo, 005
2
Jrﬁ/ t1’25|VU|2 _ r/ RESE 8£
2 Jsin{t>6) ST r{t>s} ov
au |?
_B/ t1725|VU\2 + p/ =25 |92
2 Srn{t>s} SHn{t>s} ov
+/ 81725 (2 - V,LU)O,U.
9'05
Since U € HY(R™+1,#172%)  there exists a sequence ,, — 0 such that
52725
lim | =2 / |VU|2+5,2;2S/ OU? | =0
n—eo \ 2 Jyo,, 905,
From the Dominated Convergence Theorem and Lemma 3.3, Remark 3.6 in [20], it
holds that
A
lim 51725 (2-V,U)0U = —ms/ (z-V,U) ( ~U(z,0) + (|Up_1U)(x,0)) .
6=0 Jor04 B,\B, |z
Note that
A
/ (x-V3U) (QU(:E,O)+(|U|1’_1U)($7O)> (3.2)
B.\B, ||
1 A 1
5| @t [ e vaup
2 /BB, |7 p+1J/B.\B,
=T, +1s. (3.3)
Then integrating by parts, we have
1
no= / div [A“’;U“} ~ Udiv [A‘Z]
2 JB,\B, |z ||
SN U a1
2 Jog, 2| 2 Jop, || 2 Jpas, |z
and
1
T, = —— div(|U|PTz) — |UPH div(z)
=l AL i

_ r / |U|p+1_L/ |U‘p+1_L U+
p+1Jsm, p+1Jop, p+1J/B.\B,
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Therefore,

-2
i / 125V U |2 (3.4)
2 BI\BY

2 2
:f/ t1*25|VU|2—r/ -2 ou 78/ t1*25\VU\2+p/ -2 ou
2 S;{- S;{— 81/ 2 Sz— Sj; 81/

ﬂs)\r/ U? n ms)\p/ U? n n—a/ U?

_ v Y o nTe v

2 Jom, |zl 2 Jop, lzl® 7 2 Jp.ap, lx]®

_ kst / ‘U|p+1+ﬂ/ ‘U|p+1+ﬂ/ loflaes
p+1JoB, r+1JsB, r+1./B\B,

Since U € HY(R*Y), U(-,0) € L3(R", \x1|a) N LPTL(R™), there exists a sequence
pi — 0 such that when ¢ — oo

2

ou — 0,

ov

Pi t1*25|VU|2+pi/ RESE
2 Jst st
Pi Pi

sAP; U2
s AP / — —0
2 9B, ||

and

“Spi/ Ut S 0.
p+1Jop,

Choosing p = p; and letting i — oo in (3.4), we have
au |*

-2
<” 3>/ t1’25|VU|2 f/ t1’25|VU|2—r/ (128
2 Bi— 2 S;{- Si— 81/
B Ks)\r/ U2+K)\<n—a)/ U2
2 Jop, |zl 2 B, |z

KsT KsN
S / |U‘p+1+;/ |U|p+1.
p+1Jsm, p+1Jp,

We now prove that for a.e. r € (0, R),

(3.5)

U U?
[ v = [ Gl Taa T [ wr @)
B+ s Br

s r s

Indeed, let ni(p) be a sequence of cut-off functions such that nx(p) =1if 0 < p <
r—+, M(p) =0if p>rand n, = k(r—p) if r — < p < r. Choosing i (| X|)U(X)
as a test function in (2.1), we have that

[ 8V 9 (XU

= [ U Omel) 4. [ 0P @O, (3
B |93\ B

s r
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A direct calculation yields that
[ AU - VX))

= [ eueopmxh -k [ 0o
B}

B,T\B v

e

:/ t1—2S|VU(X)|2m(|X|)—k/ (/ tl‘QsaUUdS> dp.
B r—1 \Js; v

Note that tl’gs%—gU € LY (R}, so for a.e. r € (0, R) there holds

k/ </ t”swUdS) dp—>/ t1*2sa—UUdS, as k — 00.
1 \Us; ov st ov

k

On the other hand, as k — oo, we have

Hs/ %U2(x70)nk(larl)+"s/ U [P (a2, 0)mi(|])
B, 2| B

r

A
ﬁﬁs/ |U\2(x,0)+ns/ U1+ (2, 0)
B, B

||
and
[ Evuopa(x) > [ e uor (39
B Bf
Therefore, from (3.7)-(3.8), we obtain (3.6).
Finally, by (3.5) and (3.6), we have (1.4). This completes the proof. O

Proof of Corollary 1.1. (1) From the Pohozaev-type identity (1.4), we deduce that
if U is a nontrivial solution to (1.3), then for a.e. 7 > 0 there holds

2s —« U? n n — 2s
A — _— —_ = Uptt 3.9
"s< 2 )/Brmla+’“””8<p+1 2 >/B' (39)
AU > koA U2
:g/ t1_23|VU|2—7“/ =25 _“27"/ _
s s o8, |7l

Y R
p-l—l 9B, 2 S ov

v
By assumption of A, «, p, the left side of (3.9) is positive.
Now we claim that there exists a sequence r; — oo such that

ri

5 / H2|VU]2 -0, asi— oc.
S+

Indeed, if this is not true, then there is a constant C' > 0 such that

f/ H2|VU2 > C >0, asr— oo.
2 Si

Thus, there exists an r; sufficiently large such that for all r > rq,

C
/ 3|\ VU2 > = (3.10)
Sha r
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Since U € H*(R™*1,t1729), it holds that

/ dr/ 2| VU|? < .
0 s

This is impossible when (3.10) holds. So we get our claim. Similarly, since U €
HY R #172%) and U(+,0) € H*(R")NL?(R", -1+ ), there exists a sequence r; —

) |m|o<

2
o +HSM/ U2 st / UP+1+L_28/ p-295
ov 2 Jop,. |x|*  p+1Jss,. 2 st ov

oo such that

i / t1—23
+
ST

Therefore, choosing r = r; and letting ¢ — oo in (3.9), we have

/ |UPT! = 0.

That means that U(-,0) = 0 in R". From (3.6), we have U = 0 in R}™". This
yields the result of (1).

(2) Assume that U € HY(R™, #1725) 0 LPY1(R™). When a = 2s, by (1.4), we
have for a.e. r >0

n n—2s
Rs (p—i—l - 2) /; |U|P+1 (311)

2
— i/ tl*QS‘VU‘Q 7,,,,/ t172s ou . HS/\T/ Uz
2 S st 2 9B, l‘l 8

r

ov

*W/ IUIPH——n_Qs/ p-2:9U 4
p+1 /s, 2 st ov

A similar argument as in the proof of (1) yields that U = 0 in R/,
(3) Let U € H*(R™) N L?(R", —==). From Pohozaev type identity (1.4), for

[]=
p = 2*(s) — 1, it holds that
au |t KJS)\?"/ U72
2 Jog, |zl

25 — 2
Ko Ss-a / v _ f/ t1’25|VU|2—r/ RESE
2 B, |x|a 2 st st ov

—ﬁsr/ \Ul”“——n_%/ p-2:90
p+1 OB, 2 S:r 61/

Similarly, we have U = 0 in Rﬁ“ by an argument in the proof of (1). This
completes the proof. Il

U |?

4. REGULARITY OF THE SOLUTIONS

In this section, we will give the proof of the regularity conclusion in Theorem
1.2. Throughout this section and Section 5 below, we omit the constant k, for
simplicity since it is not essential in the proof.

Let D C R’/™" be a bounded domain with 0'D # ) and 0 ¢ ' D, a € L%(a’D)
and b € L}, (9'D). Consider the following boundary value problem,

div(t*=2*VU(x,t)) =0, inD,
— lim t'7%0,U(z,t) = a(z)U(x,0) +b(z), ond'D. (4.1)

t—0t
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Definition 4.1. U € HY(D,t'=2%) is a weak solution (resp. supersolution, subso-
lution) of (4.1), if for every nonnegative V€ C°(D U d'D), one has

/ =2 VUVV = ( resp. >, S)/ aUV + bV.
D &'D

Let Qr = Br x (0, R), f* = max(f,0) and f~ = max(—f,0). First, we recall
Lemma 4.1. ( [31, Lemma 2.8]) Suppose thata € L= (By), b € LP(By) withp > 2

and U € HY(Q1,t'72%) is a weak solution of (4.1) in Q1. There exists § > 0 which
depends only on n and s such that if ||a+||L2%(Bl) < 6, then

IO, 0| za(@r@rje) < C N0 a1 (@uar—2e) + 167 e (sy)) 5

2(n+1) n(p—1) . _2n )
n—2s ’ (n—2s)p n—2s )"

where C' > 0 only depends on n, p, s, and ¢ = min (

Lemma 4.2. ( [31, Proposition 2.6]) Suppose that a, b € LP(By) for some p > 3-.
Let U € HY(Q1,t172%) be a nonnegative weak solution to (4.1) in Q1. Then
(1) Yv > 0, there holds
sup U < C([U]| v (@, -20) + 16F Lo (81)),
Q12
where C > 0 only depends on n, s, p, v and ||a*||L»(p,)-
(2) We have the following Harnack inequality,
sup U < C( inf U + ||bHL1”(B1))a
Q12 Q1/2
where C > 0 only depends onn, s, p and ||a||1»(B,). Moreover, any weak solution U
of (4.1) is in C°(Q1/2) for some o € (0,1) only depending onn, s, p and ||al|Lr»(B,)-
Let D be a domain in R}™' with &'D # () and 0 ¢ 0’D. We consider the
following problem,

div(t'=2VU(x,t)) =0, inD,
)\ n s
— lim t'7%*0,U(z,t) = —5-U(x,0) + U%(m,()), ond'D.

t—0+ | |25
Proposition 4.1. Let D = (Bg \ B,) x (0,1) where 0 <7 < R, 0 < § < £ and
Ks/5 = (Br—s/2 \ Bryss2) % (0,1/2). Suppose U € H(t'72%, D) is a nonnegative
weak solution of (4.2). Then we have

sup U < C inf U,
Ksy/o Ks/2

(4.2)

where C depends only on n, s and §. Moreover, any weak solution U of (4.2) is in

C?(K5,2) for some o € (0,1) depending only on n, s and é.

Proof. Note that 9'D = Bg\ By, it follows that IxI% € L*(9'D). Since U(-,0) €

H*(0'D) C L5 ( [31, Proposition 2.1]), Uﬁ(-,O) € L2:(0'D). Hence from

Lemma 4.1 (in our case b = 0, so p can be any positive number > J-), we have
U(-,0) € L1(9'Kss)4),

. (2(n+1 1) 2 2
where ¢ = Hlln( 7(17123)> (2(525))p . n_’ég) > 2. Therefore

U5 (-,0) € LY (9 Kyoya)
with ¢’ > Z%. Finally, by Lemma 4.2, we obtain the desired estimate. [
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Proof of Theorem 1.2 (1). As in the proof of Proposition 4.1, set a(x) = m% +

U%(az,O) and b(xz) = 0. Then for any z € R™ \ {0}, by Proposition 4.1, a(z) €
C?(B,(x)) for some small positive number r and ¢ € (0,1) which depends only on
n, s, 6, p. From Theorem 2.11 of [31], U € CQJFQS(B:'/Q(:v)). By a bootstrapping

argument, we then have U € C*°(R’"" \ {0}). This completes the proof. O

5. SYMMETRY OF THE SOLUTIONS: THE METHOD OF MOVING SPHERES

In this section, we prove Theorem 1.2 (2) by the method of moving spheres which
was developed in [38], [30], [37], [30].

5.1. Technical lemmas. We begin with some technical lemmas.
Let X € 8R7fr+1, p >0 and Ux , be the Kelvin transformation defined by

Lemma 5.1. IfU satisfies (1.8), then Ux , is a solution of the following equation
div(t1=2VUx, ,)(¢) = 0, in R,

4s
: - A =
— lim t7%0,Ux, ,(§) = < : ) Uxo,p(%p.20,0) + U, ) (%25, 0), on R,

t—0+ |z — x0] |2 .02
(5.1)
where & = (z,1), Xo = (x0,0) and
2
p*(x — x0)
l'p7x0 =20 —+ m (52)

The result of this lemma is the case of & = 2s, p = 2*(s) in Lemma A.1. For the
detailed proof, see Appendix A.

Lemma 5.2. Let 0 < p < |xg|. Then one has

4s
P 1 1
(|x—$0> (|~”Upmo|25) S 7PS &= ol < o] (5.3)

and

p 4s 1 1
(|:cxo|) (|x|> Z g YOSl mml<p (54)

Proof. A direct computation yields that

|z — x0]? 2
T4 | —s— — 1)z
p

P
= (M - 1) (2<x’xo> — (w0, 20) + (@, x) — 2z, 20) + (20, 0)) <“fp>) _

2
Since 0 < p < |xgl, it holds that

2(z, o) — (0, z0) + ({2, 7) — 2(x, 20) + (T0, T0)) <x0/;2xo>

> 2z, x0) — (@0, x0) + ((z,z) — 2(x, 20) + (0, 20))
= (z,z) > 0.
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Hence, for all p < |z — zo| < |70,
2

2
x+ <332330|_1)x0 —|z*>0
p
and, for all 0 < |z — x| < p,
= of? S
v+ | —5——1)z0| — 2] <0.
p
Then we have (5.3) and (5.4) from (5.2). This completes the proof. O

Next, we need two versions of the maximum principle.

Lemma 5.3. ( [31, Lemma 2.5]) Let U € H'(D, t'~2*) be a weak super-solution of
(4.1) in D witha=b=0. If U >0 on "D in the trace sense, then U > 0 in D.

Lemma 5.4. [71, Proposition 3.1] Assume that U € H'(Bf \E:, t]172%) is a
solution of the following boundary value problem
div(t'=2*VU) <0 inBY,
{ —tli_%tl’?satU(x,t) >0 onB;\B.,
for every e € (0,1). If U € C(Bf UB; \ {0}) and U > 0 in B U By \ {0}, then

liminf U(X) > 0.
| X |—0

5.2. The method of moving spheres. We verify the symmetry property of the
solutions for (1.8). Firstly, we prove

Proposition 5.1. For each xy # 0, there exists a constant p(xo) > 0 depending
on xg such that for any 0 < p < p(xg), it holds that

. n —+
Uxo,p(€) S U(E) in R\ (B, (Xo) U{0}),
where Xo = (0, 0).
We divide the proof by several lemmas.

Lemma 5.5. For each ps € (0,|Xol|), there exists p1 > 0 small enough such that,
when p € (0, p1),
Uxy,p <U on 0" [Bf,(Xo) \ Bf (Xo)] -

Proof. Assume that € 9"B/, (Xo). Then for every p satisfying 0 < p < py < p2 <
| Xo|, we have

p%(€ — Xo)
T

Therefore, by Proposition 4.1, we can choose p; small enough such that

Uxopl8) = <p>n_ZSU(XO+p2(5—X0))

€ B} (Xo).

1€ — Xo 1€ — Xo
n—2s
< (p1> sup U< inf U
p2 E;z (XO) 6”6}2(X0)
< U(©).

Note that on 9" B; (Xo), Ux,,p = U holds obviously. This completes the proof of
this lemma. (]
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Lemma 5.6. If p; € (0,|Xo|) is small enough, then there exists a constant p; =
p1(p2) depending on ps and satisfying 0 < p1(p2) < p2 such that, for all p €
(0, p1(p2)) and § € B, (Xo) \ B} (Xo), it holds that

Uxo,p(§) < U(9).
Proof. From (1.8) and (5.1), we have

div (=2 V(Ux,, — U)) =0 in B, (Xo) \ B, (Xo) (5.5)

and

— lim 8,(Ux,, —U) =

t—0+

4s
p a a
< > |23 UXmlJ(T’pJo’O) - U($,O) (56)

[z =0l ) [2pm ]2

n+2s n42s .
- {U;Of’; (@20 0) — U5 (x, 0)] on & B}, (X0) \ B} (Xo)] -

Set (Ux,,p—U)" := max(0,Ux, ,—U), by Lemma 5.5, it equals to 0 on 9" [B/‘)‘; (Xo) \ E:(XO)} .
Let (Ux,,,—U)™ be a test function in the definition of weak solution for (4.2), then
from (5.5), (5.6) and Definition 4.1, we have

-/ 1PV (Ux, U P
B, (Xo)\B] (Xo)
4s
P A A +
= Uxy.p(Zp,20,0) — 75=U(z,0)| (Ux,,p—U)
I, (5, (X B (3] [(u - > Tpag X0 T ) = s e
nit2s n+2s
+/ |:U;(Lozps (xpﬂﬂovo) - Um(x,()) (UX07P - U)+
o' [BJ, (Xo)\B} (Xo)] ’
= T1 + TQ.
In the following, we estimate T} and 75 respectively.
(1) Th: A direct computation yields that
p 4s A
Tl = / ( ) (UX , (1’ T ,0) — U(x,O)) (UX P U)+
o’ [BjQ(Xo)\E,f(Xo)} l |z — ol |, % P or

U(xv 0)(UX0’P - U)+

p 4s A A
+ — 2s 2s
o [632 (xo)\Bj(xg)] |z — 20 |, ||

4s
p A "

(Uxy.p = U)
~/8/ [B;2(XO)\EI(XO)} (|£C — Qfo|> |1‘p’x0|25 ( 0,P )

p 4s A A
+ — 2s 2s
o [B;Q (Xo)\Bj;(XO)] |z — 20 |, |z|

Since py < |zo| = | Xo|, then, by Lemma 5.2, we have

U(z,0)(Uxy.p — U)*F.

( p )45 A Ao, in &' |BJ,(X0) \ B, (Xo)]

[z =m0l ) |wpamol®  |2[* 7

Therefore,

4s
P A 2
I < / < ) Uy — U)F)2
o [332(X0)\Ej(x0)] |z — o] EPPNED ( 0,9 )
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By Holder inequality, one has
Ty <

p2n )\i n . 2:12 i n
/ + B |z = zol*™ |2pa [ / + =+ (U, =0)7) 77
o' [BE, (Xo)\B} (Xo)] 017" [Tp,z & [B, (X0)\B; (Xo)]

(2) Ty: By the mean value theorem and Holder inequality, we have

T 2
no<cf VR (Wxp - 0))
o' [Bf, (X0)\B; (Xo)]
2s n—2s
27; n (( )+) 2n n
< C / Ug = / Uxyp — U)F) 7
o [BL, (Xo\B (x0)] " o' [B5, (Xo)\B;) (X0)] "
n—2s
<

2s
o " 2n "
C / Un—2s / B ((UXo,p _ U)"') n—2s ,
B, (Xo) o[BS, (Xo)\B; (Xo)]

where C' > 0 is a constant depending only on n and s.
By Proposition 2.1,

p2n )\i
Tl + T2 S C 2n n
o [BE, (Xo\B} (x0)] 12 = Z0l*" |2 p.a0

2V (Uxyo — U)F.

N

s 2s

+ / Untss
B, (Xo)

3|

<.
B, (Xo)\B} (Xo)

Thus, if we choose ps small enough such that

2s
o a2\
c / r__ 2" )+ / U <
o[BS, (X0)\B} (X0)] |z — 20[*™ [2p,2,| B, (Xo)

we get

s

N | =

V(Ux,,, —U)* =0in B (Xo) \ B} (Xo).
Since (Ux,,, —U)* =0 on 9"(B},(Xo) \ B} (X)), we have
(Uxy,p —U)" =0in B} (Xo) \ B} (Xo).
Therefore, for 0 < p < p1(p2), one has
Ux,,p < U in BY, (Xo) \ B (Xo).
This completes the proof. O

Lemma 5.7. Let py be the number given in the proof of Lemma 5.6, then there
exists po € (0,p1) such that, for all p € (0,po) and & € R\ (B, (Xo) U{0}), it
holds that

Uxqo,p(§) < U(8).
Proof. Set

n—2s
P2 .
== inf U,
# (&) (|f - X0|) 9" B, (Xo)
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where po is given by Lemma 5.6. A direct calculation yields that

div(t1=25Vp) = 0, in R \ B}, (Xo),
- lir(r)l+ Opp(x,t) =0, on R"\ B,,(x).
t—

From Proposition 5.4, for po > 0 small enough, there exists a positive number &g
such that, for all £ € (0,2¢),

U() 2 ¢(©), B (0)\{0}.
Particularly,
U(€) = ¢(§), ond"BI(0).
Note that ¢(&§) < U(§) on 0”B},(Xo), then by Lemma 5.3, we have
U() = ¢(&), in RET\[B],(Xo) UBL(0)].
Define )
inforp,, (x,) U) e

po = min g p1, p2
Supg,,, (Xo) U

Then in R\ [B} (Xo) UBZF(0)], one has

% p*(€ — Xo)
Uxo o8 (5 Xo) U<X°+ €Xo|2)

2s

< sup U
<|§ XO') sz(XO)

inf U <U(E).
<I£ Xo) 9By, (Xo) (©)

Since € € (0,¢¢) is arbitrarily chosen, then it holds that
o =t
Uxop(§) U(E), R\ (B, (Xo) U{0}).

This completes the proof. (I

Proof of Proposition 5.1. Combining Lemma 5.6 and Lemma 5.7, we get the desired

result. (]
Define

p(Xo) =sup{0 < p < [Xo| : Ux,,, <U in R\ (B (Xo) U{0}), V0 < p < pu}.
By Proposition 5.1, it holds that p(Xp) > 0.
Proposition 5.2. For all X, € R\ {0}, we have

p(Xo) = | Xol.

Proof. We argue by contradiction. Suppose p(Xp) < |Xo|. For simplicity, we set
p = p(Xp). By the definition of p(Xj), it holds that

Ux,p <U, in R\ (BF(Xo) U{0}).
By Kelvin transformation, this is equivalent to

UXo,ﬁ Z U, in B;(Xo) \ {XO,O,;XO}.
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Here 0 x, is the Kelvin transformation in R7*" of 0. Let § € (O, 3 min{p, p — &—zl}),
then, by (1.8) and (5.1), Ux, ; — U satisfies

div(t'72*(Ux,,» — U)) = 0 in B} (Xo) \ [By (Xo0) U By (05,x,)]
and

— lim t1720,(Ux,,, — U)

t—0+

n+2s

4s

p A =T

- <|33 — $0|> |1’p |2$ UXO’p(xp’mw 0) + UXO,ZP (xp,xo,())
»L0

_ (AU(;E,O) + Uﬁ“ﬁi(x,o)>

|x‘28

4s
p A A
< ) ‘25 UXO,P(xp,wovo) - |x|25U(x70)

|z — 0] |93p,:co

nt2s n+2s
+ [U;Ofps (%p,z9,0) — Urn=2: (z, O)}
=T34+ Ty, ond[Bf(Xo)\ (Bf (Xo)UBy (05x,))]-

Here x4, is given by (5.2). Note that Ty > 0 on &' [BF (Xo)\(B{ (Xo)UBS (05,x,))]-
So we only have to estimate T5.
By Lemma 5.2, for « € Bjs(zo) \ (Bs(xo) U B5(05,2,)), it holds that

_ 4s
A A
( P ) 2s 2 2s " (57)
|z — 20l ) %5l |z|
Then we have, in 8’[8;()(0) \ (B;(Xo) U B;(Oﬁ,Xo))]a
A
Ty > W(UXo,p(mp@o?O) —U(z,0)) >0.
Therefore,
~ lim 1720, (Ux,,p — U) > 0 in &'[BF (Xo) \ (B (Xo) UBS (0,x,))]-

t—

If Ux,,, — U is not identically 0, then by Lemma 4.2, we have
.t
Uxo,p > U, in B, (Xo) \ [Bf (Xo) UBY (05,x,) Ud" B (Xo)]. (5.8)
From Proposition 5.4, it holds that
lim inf(Ux, 5(8) — U(¢)) > 0

and
liminf (Ux, (&) — U(§)) > 0.

§—05,x¢

Hence there exist e; > 0 and §; > 0 such that
UXO)5(§)>U(XQ>+81, VO<|£—X0|<(51

and
UX075(£) > U(Op’XO) +51, V0 < |£ — Oﬁ,X0| < 51.
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Then for all 0 < |€ — Xo| < 01 and p < p < | Xp|, we have

n—2s 2 _ X
Uronl®) = Q&pXo> U<Xb+ﬂgfxm?)

) () o )

=% gi(e - xo)|

n—2s /32
) Uxs (G- x0)

=2
> ww(;@—&0>an+n

D

Similarly, for all 0 < |£ — 05, x,| < d1 and p < p < | Xo,
Ux,.0(&) > U(05,x,) + €1

Since U is uniformly continuous in E;(Xo), there exists d2 € (0, 1/2) such that for

all [ — &| < 6 with &, & € By, (0.x,) or &1, & € By, (Xo),
(&) - Ule)l < 5-

Note that we have assume p < |Xp|, so there exists d3 > 0 such that for all
p<p<p+ds<|Xol
d2
10p.x0 = Op.x0| < 5

Thus 0,,x, € B7, (05.x,) C By, (05,x,). Hence for all ¢ € By (05,x,) \ {0,,x,} and
p<p<p+ds, we have

Ux(§) 2 U + 5 > U(E).

Similarly, we obtain that for all £ € B;; (Xo0) \ {Xo} and p < p < p+ 93,

U&AQZW@+%>U@.

Therefore, it holds that for all p < p < p + 03,
Uxo,p > U in [Bf (X0) \ {Xo}] U [B5,(05.x,) \ {0,,x,}] -
Let § > 0 be a small number which will be fixed later. Denote
—+
Kss, =B, 5(Xo) \ [B;,(Xo) UBY, (05,x,)] -

From (5.8) and the compactness of Kj5,, there exists a positive e3 depending on &
and J5 such that

UXO.ﬁ —U >e3in K5152.
Since U is uniformly continuous in the compact set Kjss,, there is a constant d4
satisfying 0 < 4 < d3 such that for all p < p < p+ 44,

€3 .
Uxop = Uxo,p > -5 in Ks,s, -
Hence

€3 .
Uxyp— U > 53 in Ks.s,. (5.9)



FRACTIONAL SCHRODINGER EQUATIONS WITH SINGULAR POTENTIAL 21
. . 3t + .
Finally, we prove that Ux,, > U in B, (Xo) \ B;_;(Xo). In our setting, the

proof is based on a narrow domain technique which is the same as that in Lemma
5.6. the function U — Uy, ,, satisfies

div (" V(U — Ux,,,)) = 0 in B} (Xo) \ B,_5(Xo) (5.10)

and

— lim 6t(U— UXo,p) =

t—0+ |z — o] |2 .20 12°

A p 4s A
WU(:E’ 0) B ( ) UXO»P(‘,I"P,woa 0)] (511)

ne n+2s

ﬁ—ﬁ<xxn——v§;:<xmxwoﬂ on & B} (X0) \ By_5(Xo)]

+|o
Let (U-Ux,,)" := max(0,U—Uyx,,,) which equals to 0 on §” {B;(XO) \E;(;(XO)}

by (5.9). We choose (U—Ux, ,)" as a test function in the definition of weak solution
for (4.1). Thus from (5.10), (5.11) and Definition 4.1, we have

/ 1RV — Uy, )P
B (Xo)\B4_s(Xo)

(U - UXO,P)+

A p 4s A
= 7U($,0) - ( ) |2s UXU’p(xp’me)

]2 [z =0l ) |2p

/ ' [BF (Xo)\B}_s ()]

s n+42s

n+2 —3s
U 0.0) = UL E (000.0)| € - U )"

/8 X X
’[Bp( 0)\Bp’75( 0)]

From Lemma 5.2, we have, in &’ [B;(Xo) \E;—ﬂ;(XO)},

()
v —wol ) |wpuol® ~ |2

Then

L ((U _ UXO,p)+)2

no< | :
o' B (Xo\BE_s(x0)] 1]

2s n—2s

Az |7 / w7
U — U +\n—2s
</5"[Bp+(Xo)\BIs(Xo)] |x|"> ( & [BF (Xo\BE_5(Xo)] (( Xo0)") >

On the other hand, by the mean value theorem and Holder inequality, we have

Ty <

_4s
C/ Bt U= (U - UX07P)+)2
o [B (Xo)\Bj_s(Xo)]

2s n—2s

< C / Untss / (U=-Ux, )™=
( o[BS (Xo)\Bj_s(xXo)] ) ( o' [BE (X0)\B}_;(X0)] ( Koe))
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Hence

2s

2s 28
Ai n om n
Ts+T1T¢ < C / i + / Un-2s
o B (Xo)\B_s (x0)] 1] o' [B5 (Xo\B(X0)]

[ TN - Uk )
B (Xo)\B_s(Xo)

Let 6 and d3 be sufficiently small such that

2s 2s

A5\ W\ "
C / zn + / U <
o [BF (Xo)\Bj_(Xo)] || o' [B (Xo)\Bj_(Xo)]

Then

[N

V(U - UXO’p)J'_ =0 in B;(Xo) \ B;l(;(Xo).
Since (U — Ux,.,)* =0 on 9" [B;(XO) \E;_é(xo)], we have
(U — UXO,p)+ = 0 in B;_(Xo) \B;r_&(Xo)

.ot
So UXo,p > U in Bp (XQ) \8276(X0>
Putting the results obtained above together, we have that

UX07P > U, in B:(XO) \ {XO7 Oﬁ7X0}'
This contradicts with the definition of p. O

Proof of Theorem 1.2 (2). Let £ = (z,t). From Proposition 5.2, we have that for
XO = (‘T()v 0);

Uxyp(§) SU), VIE—Xo|>p, £#0,V0 < p < |ao]. (5.12)

Let e be any unit vector in R", for any I > 0, £ € R} with ((¢ — le),e) < 0.
Choosing g = Re and p = R — [ in (5.12) and letting R — 400, we obtain that

Uz, t) > Uz —2((xz,e) — e, ).
This yields the conclusion (2) of Theorem 1.2. O

Proof of Corollary 1.2. The first conclusion is a direct corollary of Theorem 1.2.
We now focus on the second conclusion.

From Theorem 1.2 and Caffarelli-Silvestre extension, we have that the nonnega-
tive solutions to (1.5) is radially symmetric about the origin and non-increasing in
radial directions. In what follows, for simplicity, we use the notation w(r) instead
of u(z) for r = |z|. Thus, we only need to prove that w is strictly decreasing in
radial directions if u is nontrivial.

We argue by contradiction. Assume that there exist 0 < ry < ro < 0o such that
u(r1) = u(re). Without loss of generality, we may assume that u(r) > u(ry) for
r <1y and u(r) < u(re) for r > rq. Let Ay, ., :={z € R"|r; < |z| < 72}. So wis
a constant in A, ,,. Let zog be any point in A,, ,,. Note that (1.5) at zg is

u(zo) — u(y) A nt2s
Ch SP.V./ dy = w(xg) +un—2s (xq). 5.13
2y [ TRy = )+ uEE ). (3
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A calculation yields that

u(zo) — U(y)d

Cp,sP.V.
n,s R |1.0 _ y|n+2s
ST N
Rn\ZT1 . ‘550 -yl

(y) / u(wo) — u(y)
=C / ————=dy + C o) — W) 4. 5.14
" |$0 - |”+2s " R™\B,, |To—y["t? v (514)
Let 1 = (21,0, --,0), 72 = (22,0,--+ ,0) with 71 < 21 < 22 < ra. Observe that

u(m) —u(y) = u(ne) —uly) <0, Vye B,

and
1 1

>
lm =yt 7 g — gyt

Yy € B,,.

Then we have
(v) ) — u(y)
Cns/ |771 |n+zsd <Cns/ Wdﬁl (5.15)

Next, we prove

ulm) — u(y) /‘ u(n) — u(y)
R"\B,, |771 _ y|n+2s R\E,, |772 _ y|n+2s ( )

In fact, let y = (y1, - ,yn) and

"\Er:z |n - y|n+28

Set

21+ 29
P:{y:(yla7yn)€Rn|y1: 2 }a

that is, P is the hyperplane orthogonal segment [, 7s] at W Define

ny S 21+ 2z
Dlz{yeR \ B,,(0) | y1 > 12 2}

and

ny 5 21 + 2
D2:{yeR \ B,,(0) |y < 12 2}.

A direct computation yields that

) =10) = | (e — ) () = ulw) dy

|771 _ y|n+25

1 1
v (g~ s ) ()~ o
2
= T+ 1Tk.

Since
u(m) —u(y) = u(n2) —u(y) >0, VyeR"\B,,,

1 <
Im —y["+2s " e —y

‘n+25’ Vy € Dl
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and
1 1

M1—mmﬂs>hh—yw+%’

Yy € Do,

we have
T >0 and Tz <0.

We now compare the absolute values of 77 and Tg. Let y be the reflection
point of y with respect to the hyperplane P, so 0 = (z; + 22,0,---,0). Define
Dy = D, \ B,, (f)), that is, Dy is the reflection domain of Ds with respect to P.
Since u is non-increasing in radial direction, we have

u(g) <uly), Yye€ Ds.
Note that 71 = 12, then we obtain that

s = /132 <|771 —13|"+28 e —1)|”+23> (ure) = uly)) dy
/152 (|771 —Z|"+2S e —1y|"+2s> (ulmz) —u(g)) dy
N e e LR
= = J (i ~ ) e~ s

By the definition of Dy, we get

< 1 - 1 > (u(m) — u(y)) dy > 0.

|772 _ y|n+2s |771 _ y|n+2s

Tr + 15 > /
D1NBy, (0)

Therefore, (5.16) holds.
Finally, from (5.14), (5.16) and (5.15), we have

u(m) — u(y) / u(n2) — u(y)
C Rv/’—————fd<c,9v. —2 2y, 5.17
PV fo T g @S BN o gy et G4D

On the other hand, it holds that

n+42s A n+42s

A n+2s n42s
W“(Ul) +un=2 (m) > WU(W) +un=2 (n2).

This is impossible since inequality (5.17) and equation (5.13) hold at n; and 7.
Therefore, the assumption at the beginning can not be true. That is, u(r) is strictly
decreasing with respect to r. This completes the proof. ([

6. PROOF OF THEOREM 1.3

In this section, we shall prove Theorem 1.3.

Define
U(x,0)V(x,0 .
Q(Ua V) :/ » t1—23VU-VV—HS)\/ (x,|$)|2s(x’)’ U Ve Hl(Ri+1,t1_23).
R" "
Let

o U?(z,0 . " o
Q(U) := /RW VU — kA R|;|2) Ue HYR™ 1172).  (6.1)
+
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Note that by Hardy inequality and trace inequality, we have

2
nSAnys/ mg/ =2\ VU |2 (6.2)
n R1+1

|JZ‘|2$

Thus, if A < A, 5, then Q(U) >0 for all U € Hl(Ri+17tl_25). By (6.2) we obtain
that @ is continuous in Hl(Riﬂ,tl’zs) X Hl(Ri‘Ll,tl*%). Then there exists a
unique bounded symmetric operator Lo € L(H'(R'I!,#172%)) such that

<‘CQU7 V>H1(R1+1,t1—25) = Q(U, V)

Define the first eigenvalue of @ as

. QU)
A=t i T TR
UeH (R+ , T ) Hszn [zZ
and U(-,0) £ 0

Hardy-type inequality yields that if A = 0, then 14 (0) = A,, .
Let S™ be the unit n-dimensional sphere and

Si ={0=(01,- ,0n,0nt1) €S™: O,y1 >0}

Thus
pH = S7 with X = (1,0) == (|X], =
R+ —R+>< +W1t —(7”, )— | |,m .
Let H*(S%, 971;215) be the completion of C°>°(S7) with the weighted norm given
by
1
2
[l (s 01520) = 0,57 (IVsn v (0)]” +4%(0))
(81,0,71°) g
+
Define
L*(S%,01.7) == {1/) : 8 — R measurable such that / 0,7 (0) < oo} .
St
Since the weight 0711:_215 belongs to the second Muckenhoupt class As, the embedding
HY(S%,0,,3%) < L*(S%,0,,,3°) is compact (see [17]). The trace operator
tr: H'(S%,0,77%) — L*(S"™) (6.3)

is well-defined and satisfies the following inequality: for every ¥ € H 1(81, Ont1),
one has

n—2s\> _os 9
wne ([ w0 0p) < (U52) [ onters [ ondiwsr 6
gn-1 sn st

where 8"~ = 88" = {(0/,0,41) | 0ny1 = 0}. This trace inequality was obtained
in [20, Lemma 2.2].
Consider the following eigenvalue problem

dives (0172 Veat)) = (2522)° 01725,  in S™,
T lim 097111215VSH¢ “€ny1 — Akt = pkgtp,  on OSh, (6.5)

n+1—7
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where e,41 = (0,---,0,1). We say that u € R is an eigenvalue of problem (6.5) if
there exists ¢ € H'(S™,60:73°) \ {0} such that

E(,$) = ks / v, for all € H'(ST,6172%),
Sn—l

where
E:H'(S%,0,77%) x H'(S1,0,77°) - R

is given by

n — 2s

2
E(y,¢) = / ni1 Vsnt) - Vsnd + ( ) / Oy 1o — Ay | o,
sn sn sn-1
By (6.3) and (6.4), E is continuous and weakly coercive in H*(S%,6,77%). For all
Y e HY(S™,0,.37°), E(¢) :== E(1,¢) is the corresponding quadratic form.
Consider the following minimization problem

. E
m = wmf W)
YeH (ST 01720\ {0} Fs [Jgno1 ¥

By the proof of (6.4), the constant A, , is sharp (see [20, Lemma 2.2]). Moreover,

from the compactness of 87 and [14, Theorem 6.16], we deduce that i (A) = Ag— X
is achieved at some positive function ¢y in H*(S", 0;:_219) Therefore,

{ diven (0172°Vsnyn) = (252)2 0L %9, in ST,

-, lirri>0 e,ﬁﬁsvsnwl “€py1 = Ap sksth1, on OST. (6.6)
n+1

‘We now prove
Proposition 6.1. For all A € R, we have
pr(A) = v1(A).

Proof. The idea of the proof is a combination of the method in [48] and Caffarelli-
Silvestre extension of fractional Laplacian.

Firstly, we prove p1(A\) > v1(A). Let n : Ry — [0, 1] be a smooth cut-off function
such that n(l) = 0, for I € [0, 1], and n(I) = 1, for | € [1,400). For € € (0, 1), define

_fon/e), 1<,
nelt) = { n(1/(E), 1> 1.
Notice that 7-(1) = n-(1/1), VI > 0. Let ¢y € H*(S",0}73°) be a positive eigen-
function associated to p1(\). Define
We(X) = [X| @72 (| X )1 (X /] X ).

2s—n

Obviously, W, belongs to H' (R’ t172%). Moreover, W.(X) = ¢~ = W1(ZX) when
|X| <e,and, W.(X) = EH_TQSWl(eX) when |X| > 7!, Then we have
W2
VW +/ 15
B.(OUR™M\B, . 0)] |X]

1-2s 2 Wi
== t ‘VWl‘ + 2s S 07
R} re | X[

/BS’(O)U[RZH\BI’/E(O)]
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where C' is a positive constant independent on €. Therefore,

_ w2
fR1+1 tl 2S|VW5|2 - Hs)\ fR“ ﬁ
V1(>\) < f W2
Ks

£
R» [z]?

1-2s 2 w2
Ct Jop onsz ot IVWel = KA [, op.(0) T
< — .
s [, . (00\B.(0) T

In polar coordinates, we have

/ t172S|VW€|2
By, (0\BZ (0

1/e

)
1/6 2 _ 2
- / /S 033" [( > ”) w1<9>2+vsnwl<e>2] dSdr
€ +

25 _ 2
= 210g<€_1/ . 97111%5 l(SQ n) 1/}1(9)2 + Vsn¢1(9)21 dS
st

and
w2 1/e
], S o= [ rtwnerasa =zt [ nopas
Bl/a(o)\Bs(O) ‘x| £ Sn—1 §n—1
Then

C +2loge™! [fsi“ On 3 ((255")2 Yi+ |Vsnw1|2) — K2 Jgnos 1#%}

A <
ri(A) < 2ksloge™! [g, 1 hF

Therefore, letting € — 0, we obtain that v4(\) < g (A).
Secondly, we prove the reverse inequality. Let W € C§° (Rf{_+1 \ {0}), define

W(X) = </OOO ﬁmﬂ (f) dr)é , (6.7)

which is a homogeneous function of degree (2s—n)/2. A standard calculation yields

that on 8Rﬁ+1 =R",

~ 2
W2(0,0)dS’ = wdl«. (6.8)
gn-1 rRe |7[*
In polar coordinates, we have
~ 2s—n _~ 2

VW(X)]2 = |v (rT W(&))‘ (6.9)

25 —n\’ . .

_ ( 52 n) 7‘25727nW2(9)+T25727n‘vsnw(9)|2'

Therefore, choosing r = 1 in (6.9), we get

. 925 —n\2 . .
/Sn 9}11215|VW(9)|2dS:/Sn 612 [(‘2”) W2(0) + |V W(0)|?| dS. (6.10)
+ +
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On the other hand, differentiating both sides of (6.7) and using Holder inequality,

we have that
~ o0 1 X 3

Then it holds that

| oszwwe)ras < /nﬂiﬁ(/o sz VW () ar)as
+
1-2s n
L) e Q) 6) ()
n T T T

/ 2V (X)dX. (6.11)
R

Therefore, by (6.8), (6.10), (6.11) and the definition of p1(\), we obtain that

Jor 0033 (Vs W(O)2 + (252)" W2(6) ) dS = Mn, g, W2(8,0)
Ko fgnr W2(0',0)dS’
nt1 t 28 — ABs |an — 1z dT
fR 1-2 |VW|2(X)dX A j‘R w? (wO)de
:

|I|23
2(z,0)
”SfRn e de

p(A) <

Note that C§°(R’!\ {0}) is dense in H* (R}, ¢172%), thus p1(\) < v4(\). This
completes the proof. O

Proof of Theorem 1.5. We argue by contradiction. Suppose there exists a nonneg-
ative solution U € H'(R'H',#172%) of (1.8). Then from Proposition 4.1, U is

positive. Define
20-n X
W) = 1170 77 )-
| X|

By (6.6) we have
div(t'*VW;) =0, in R} (6.12)
A direct calculus yields

n+1

— 25— 7L 4 X 25— 7L 6 .X
o) = (EY e () - ol ()

j=1
25—m—2 X
X2 ] (|X) .

It follows that for x € R™ \ {0},
W1 (1'7 0)

—}i_r)l(l)thSﬁtW1(x,t) = Ay ks e (6.13)

Let Afp = {X e R/ [r < |X| < R} and A, g = {z € R"|r < |z| < R}.
Multiplying the first equation of (1.8) by Wi, integrating the terms in .A;f g and by
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the divergence theorem, we obtain that

/ tHBVU VW, = Whtt=250,U — Whtt=250,U (6.14)
A

+
R Sh+ ST+

A n s
m/ le(aO)U(x,O)+W1<x,0)U%<w70>-
Ar R

Similarly, multiplying (6.12) by U and using (6.13) yield that

/ ti=2vwW, - VU :/
A S

+
R

Utl‘QS&.Wl—/ Ut'=29, W, (6.15)

B+ St

Ans
s / 17 (2, 0) W (2, 0).
Ag |7

Therefore, by (6.14) and (6.15), it holds that
A —

A n+2s
Ar R

‘/STM—

Since A > A,, s and both W; and U are positive, the left side of (6.16) is positive
for all r, R.
On the other hand, by Holder inequality, the right side of (6.16) becomes

(=200, W1 — -2 W0,0) _/ (E=2 U0, W, — =2 W10,U) .

St

/ (t' "2 Uo.Wy — t'"W,0,U)

R,+

%
< / t1—2s|U|2'y / t1—25|arWl|(2.Y)/
Sh,+ S
+ / / tl_QS‘W1|2 ,
S S

where v is the constant given by Lemma 2.2 and 1/(2v) + 1/(2v)" = 1. Direct
computations yield that

1 1
2v)’ (27)’

’ —_ 2 s—n— ’ /

(/ t1—238TW1|(27)> _ (n . s) (/ tl_zst n=2 (2y) |¢1|(27)>

o Sk.+
1
n— 92s N o L\ @
- () # (/s ot |w1<0>|<27>>

1,+

_1
2v)

n
R,+

Nl
[

t1—2s|aTU2>

n n
R,+ R,+

and

2

tl—2$|W1|2> = R% (/S" 9%—_%2151&%(9)039>

1,4+

(L.

Since 1 < (2v)" < 2, it holds that

( L eiﬁwlwn(?ﬂ) <.

1,+
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Then we have

/ (' U8, Wy — t' "> W1 0,U)
S

n
R,+

n—2s 1-2s (27)’ e

< (:5%) (/Shem B[ ) R [
1-2s,/2 ’

+ </sn 01 1/11(9)619) (R/S

1.+

Note that U € H' (R, t172%), by Lemma 2.2, U € L? (R, ¢172%). Therefore,
there exists a sequence Ry — oo (k — 00) such that

1
2y
t1—23|U|2'~/>

1
2

n
R,+

t125|8rU|2>

n
R,+

1 1
35 3
<Rk/ t125U|27> + (Rk/ t125|8rU|2> - 0. (6.17)
Ryt Ryt
Indeed, if otherwise, there is a constant C' > 0 such that
R/ t1725|U1* > C  and R/ 172519, U* > C.
S%y S% 4

t1_25|U\72<"7'L‘+11) > ¢ and /
R s

It is impossible since R~! is not integrable at co. So we have (6.17).
Similarly, there exists a sequence r, — 0 (k — 00) such that

Then o
t1—2s BTU 2 > 2
UP > 5

Sk, + R+

1 1

bed 2

(rk/ t125|U27> + (rk/ t125|8TU|2> — 0.
- -

Thus we have

/ (200, W; — 12 W,0,0) _/ (£72 U0, Wy — =2 W10,U) — 0.

sy

Ry, + Tt

This is in contradiction with (6.16). This completes the proof. O

7. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4.

Lot QW)
B(N) = inf T i
) vern®;t -2 U 0)[13.

where Q(U) is given by (6.1). By Sobolev inequality and trace inequality, we have

’isSn,s”U('a 0)

2e(s) < /RW t=2|\VU?, YU € HY (R 1729,
+

So B(A) is well-defined. Recall that if A < A, 5, then Q(U) > 0. Thus 5(\) > 0.

Lemma 7.1. If {U,} ¢ H' (R, t172%) weakly converges to V. e HY (R}, 1172%),
then
Q(Uk) =Q(V) + QUi — V) +o(1). (7.2)
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Proof. A direct computation yields
Qi) =Q(V +Ur = V) =Q(V) + QUx = V) +2Q(V, Uy, = V).
Note that
QV,Ur = V) = (LQV, Uk = V) g g+t y1-20) = 0,
then (7.2) follows. O

Firstly, we consider a minimization sequence of (7.1) with nontrivial weak limit.

Lemma 7.2. Let 0 < A\ < A, 5. Suppose that {Uy} C H' (R, 6172%) is a mini-
mization sequence for (7.1) and weakly converges to V-# 0, then V is a minimum
and Uy, — V with respect to the norm topology in H' (Riﬂ,tl_%).

Proof. By trace inequality and compactness of the imbedding H*(R") — LI (R"),

1 <p < 2%(s), Ug(-,0) converges to V(-,0) almost everywhere. From Brezis-Lieb’s
result in [5], it holds that

2% (s
o =V (-0

Since Q(Ux) = B(A)||Uk (-, 0)

we obtain that
Q(V) QUk) — QUi = V) +0(1)
V02 " "
o (o) = Uk, 0) = V(05 + (1))

70 (o0

(@ ) - (Wi~ V) +0(1)
From Lemma 7.1 and positivity of Q(V'), we get
0 <limsup Q(Ur — V) = limsup Q(Ux) — Q(V) < limsup Q(Uy).
k k k

2"(s 2% (s
2*§s; + ||Uk(’0) - V(,O) 2*253 + 0(1)

2y rol1) and QUL—V) = BT 0)~V(, ).,

[Uk(-,0)

2
()

IN

We now argue by contradiction. If there exists a subsequence of {Uy,} such that
lim Q(Ug, — V) > 0, then
1—>00

Q(Uy,) — Q(Ux, — V) +o(1)

lim 2
(@4 ) - @*F (U, = V) +0(1)) 77
This is impossible because of the definition of 5(\) and (7.3). Therefore, klirn Q(Ui—
— 00
V) = 0. Furthermore, recalling that A < A,, s and (6.2), we have

/ tliQs‘V(Uk _ V)|2 _ HSA/ (Uk(xa O) — V((E,O))2
R1+1 n

< 1.

QUL V)

|x|28

v

A —
Bns =2 / V(U - V)PP > 0.
Ap s R7*

That is, Uy, converges to V in norm topology of H*(R’™,¢172%). This completes
the proof. |

Secondly, we investigate a minimization sequence of (7.1) with trivial weak limit.
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Lemma 7.3. Let U € Hl(RfﬁH?tl*?S),

R(U)(z) = R“Z°U (3) . R>0.

R
Then
QR(U)) = Q(U),
||R(U)(7O) 2*(s) = ||U(a0)H2*(s)
and
IR ey = 10 0) e
Proof. The conclusions follow from some direct computations. O

By this lemma, we see that if U is a minimization of (7.1), then so is R(U).

Lemma 7.4. Let 0 < A\ < A, 5. Suppose that {Uy} C HY (R t17%) is a

minimization sequence for (7.1) and weakly converges to 0, then there is a sequence

{Uk} associated with {Uy} such that {Uy} is also a minimization sequence and
Up — V £0in HY (R #1729,

Proof. From the homogeneity of (7.1), we may assume that Q(Ux) — B(\) and
|Uk(+,0)[l2+(s) = 1. Define

Q) = €, [ ) 0l g [y

|x_y|n+2s n |$‘28

uv

- [ ePra@re©E- [
Rn rr 7|

uv
= {U,V) gramny — )\/ —
(U, v) frs (mm) NPEE
Where C,, s = 223_1W_%F(%25)/.|F(—8)\ (S(?e e.g. [23]). By Hardy-type inequality
(1.6), Q(-, +) are continuous in H*(R"™) x H*(R"). For simplicity, we also denote

2

O(u) = Qu,u) = (u,u) jraqmny — A | ogze u € HY(R™).
R 2]

Let ug(z) = Ug(+,0) and

3 : Q(u)

B(A):=  in —. (7.5)
werrsRm\{0} [|ull3. )

By a similar argument as in the proof of [16, Theorem 1.5], we find a minimization
sequence (by a decreasing rearrangement, using an improved Sobolev embedding
inequality proved in [40, Theorem 1.1] and some proper rescaling of uy, as in Lemma
7.3) Uy of (7.5) such that

U — 0 #0in H*(R").
Let Uy (x,t) = (Py * i) (z, t) and ‘Z(x,t) = (Ps x0)(z,t) # 0. By (2.4), Lemma

2.3 and Lemma 7.3, we have Uy — V in H' (R, #172%) and V is a minimizer of
(7.1). This completes the proof. O

Proof of Theorem 1.4. The result of Theorem 1.4 follows from Lemma 7.2 and Lem-
ma 7.4. (]
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APPENDIX A. KELVIN TRANSFORMATION

The Kelvin transformation of U is given by

n—2s 2
P P’ (€ —X) +1
U’§::< ) U<X—|— , £eRY X}
Lemma A.1. IfU satisfies (1.3), then Ux , is a solution of the following problem
div(t'=%VUx, ,) (&) =0, in R,
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where £ = (z,t), Xo = (20,0) and
2
Tpao = To + m. (A.2)

Proof. The first equation of (A.1) is a well-known fact. So we only give a detailed
computation of the second equation of (A.1).
Firstly, we compute 0;Ux, ,(z,t) as follows:
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A direct calculation yields that
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As for 2, we have
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Therefore, since s € (0, 1),
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From (1.3), (A.3) and the definition (A.2) of z, ;,, it holds that
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Thus we have the second equation of (A.1). O
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