DEPENDENCE OF EIGENVALUES ON THE DIFFUSION
OPERATORS WITH RANDOM JUMPS FROM THE BOUNDARY
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ABSTRACT. This paper deals with a non-self-adjoint eigenvalue problem

{ a(z)y” (x ) + b(z)y’ (w) = /\y( ),
fo x)dvo(z fO (z)dv (),

which is associated Wlth the generator of one dimensional diffusions with ran-
dom jumps from the boundary. We focus on the dependence of spectral gap,
eigenvalues and eigenfunctions on the coefficients a, b and the probability dis-
tributions v, v1. To prove this, we show that all the eigenvalues are confined
to a parabolic neighborhood of the real axis. Moreover, we also prove that
zero is an algebraically simple eigenvalue of the problem.

1. INTRODUCTION

In this paper, we consider the following non-self-adjoint eigenvalue problem

(1.1) { ly(z) : IGW)”()+6()'()—Ay(% € (0,1),

o y(x)drg fo duvy (2),
where
(1.2) vo and v are probability distributions on (0,1)
and
(1.3) ac W*2(J,R), be WH2(J,R), a <0 on J = [0,1].

It is well known that the differential operator associated with the problem (1.1) is
the generator of one dimensional diffusions with random jumps from the boundary.

In the last decades, diffusions with random jumps from the boundary have at-
tracted enormous interest for various probability considerations and practical in-
terests in genetics (see, e.g., [1-11] and the references therein). These start with
the fundamental work of W. Feller ([7, 12]) which characterized completely the an-
alytic structure of one-dimensional diffusion processes and which referred to such
a process as “instantaneous return process”. The process itself can be easily de-
scribed. Consider a diffusion process with initial value x € D in an open domain
D C R? which we assume to have smooth boundary. Let {v¢ : £ € D} be a family
of probability distributions on the domain D. When the boundary point £ € 0D
is reached, an instantaneous return into the interior is effected according to the
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probability distribution v¢ and the process starts afresh. The same mechanism is
repeated independently each time the process reaches the boundary. Such a process
is ergodic and its distribution converges in total variation exponentially fast to its
invariant measure. What should be mentioned here is that in [2, Theorem 1], I.
Ben-Ari and R. G. Pinsky provided a characterization of the rate in terms of the
spectral gap/eigenvalue problem corresponding to the generator of the process.

Thus it is fair to say that spectral analysis of the generator, which gave rise to
several interesting results recently, have probabilistic significance (see, e.g., [1, 6,
9, 10, 13]). In this context, it is then important to understand how a change of
the generator affects the spectral gap, the eigenvalues and eigenfunctions. When
the probability distribution v¢ is independent of the point of exit £, M. Kolb and
A. Wubker established in [10] the continuous dependence of the spectral gap on
Vg, which answers a question posed by I. Ben-Ari and R. Pinsky in [1]. Here the
continuity is meant with respect to the weak topology. This is our starting point
and we aim to further discuss the dependence of the eigenvalues, the spectral gap
and eigenfunctions on all the parameters of the problem (1.1) including the diffusion
coefficient a, the drift coefficient b and the probability distributions v, ;. To the
best of our knowledge, such questions have not been investigated before.

Let us now briefly present the results of this paper. In Section 2, to undertake our
study on the problem (1.1), we first introduce a “boundary value problem space”
Q= {w=(a,b,vy,11); (1.2) and (1.3) hold}. Here each element w = (a,b, vy, 1) €
Q represents an eigenvalue problem (1.1). By an eigenvalue of w € ) we mean an
eigenvalue of the problem (1.1). For the topology of Q2 we use a metric d defined as
follows: for w = (a,b,vp,11) € Q, wo = (ao, bo, v, 1Y) € Q, define

(1.4) d@M@:Akl 1 ‘b bo

a a| la a
It can be shown in this section that each eigenvalue of the problem (1.1) can be
embedded into a continuous eigenvalue branch (see Theorem 2.11). More precisely,
given any e > 0, there exists a § > 0 such that if w = (a,b, vy, v1) € § satisfies

+|V0—V8‘+|l/1—l/?>.

d(w,wp) < 0,
then the problem w has an eigenvalue A\(w) satisfying
(1.5) [A(w) = Mwo)| <,

where \(wp) is assumed to be an eigenvalue of the problem wy = (ag, bo, v§,1?) € Q.
In view of this, eigenfunctions can be found which depend continuously on the
eigenvalue problem in the uniform norm (see Proposition 2.16).

Section 3 provides a characterization of the existence region of the eigenvalues,
that is, there exists a positive constant Ry such that all the eigenvalues of the
problem (1.1) lie in the region

A—{)\E(C

(Im\)?
ReX > 1R - R2 5.

This leads us to give a definition (Remark 3.2) of the m-th eigenvalue \,,,, m € Ny.

Note that in this paper Ny := NU {0} and N denotes the set of positive integers.
Based on the meaning of \,,, a natural question arises by noticing that there is

no index on the eigenvalue in (1.5): what can be said about the dependence of the
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m-th eigenvalue A, on the eigenvalue problem (1.1)? This is the main question we
want to address in Section 4. Let us now present our principal result.

Theorem 1.1. Let w = (a,b,vo,v1) € Q and wy, = (an, by, Von,V1,n) € 2, n € N.
Assume that

(1.6) llan — ally2.2 = 0, ||by — bl 12 = 0,00, 2w, Vin B, asn — .

Denote the m-th eigenvalue of wy, by Am(wn)-
(1) Denote the eigenvalues of w as follows,

)‘8(("})7 /\?(W), e 7)‘2171((")); )‘Iil (W), )‘ilJrl(w)a T 7)‘123271(("}); Tt

M @)Ly @)oo Ny ()i
where

Re)\ij (w) = Re)\ij_s_l(w) =...= Re)\ijﬂ_l(w) < Re)\ijjl (w),
Im/\ij (w) < Im)\ijﬂ(w) <. < Im)\iﬂlfl(w), Jj € No, kj € No,
ko=0 andk0<kj1<~--<kj<~-~.
Then for each j € Ny, given any € > 0, there exists a number N > 0 such that if
n > N, one has

kjpi—1 .
Z |)‘mn (wn) — )‘gn(w” <,
m=k;
where the index set {m, :m=~kj,... . kj1 —1} ={m:m==Fk;,... kj41 —1};

(2) For brevity denote the m-th eigenvalue of w by Ay, (w). Then for each m € Ny,
one has Re\p, (wn) — Redm(w) as n — oo.

Theorem 1.1 gives the dependence of the m-th eigenvalue \,, on the problem
(1.1) and illustrates the continuous dependence of ReA,, on the coefficients a and
b with respect to the topologies induced by ||-|| ;2.2 and ||||;1.2, respectively. In
addition, Theorem 1.1 shows that Re\,, depends continuously on the distributions
Vo, V1 with respect to the weak topology. It should be mentioned that in [17], Q.
Kong, H. Wu and A. Zettl discussed the dependence of the m-th eigenvalue on the
classical self-adjoint Sturm-Liouville problems; they proved the continuous depen-
dence of the m-th eigenvalue on the coefficients of the Sturm-Liouville equation with
respect to the topology induced by the norm ||-|| ., and completely characterized the
discontinuity of the m-th eigenvalue as a functional on the space BS of self-adjoint
boundary conditions [17, Theorem 2.1, Lemma 3.32, Theorem 3.39]. It seems to the
authors that the approach used in [17] cannot be adopted to the non-self-adjoint
problem (1.1) in a direct way, since even though the differential equation in (1.1) is
symmetric (see Remark 2.4), there still exists the possibility of complex eigenvalues
due to the non-local boundary conditions. Thus many new ideas and additional ef-
fort are required. To prove Theorem 1.1, we consider a stronger topology than that
induced by (1.4), and then prove that all the eigenvalues of w,, and w are confined
to a parabolic neighborhood of the real axis (Lemma 4.1) under the assumption
(1.6), which is the key to establish our dependence results.

Finally, as a consequence of Theorem 1.1, Section 5 is devoted to prove the con-
tinuity dependence of the spectral gap on the coefficients a, b and distributions vy,
v1 (see Theorem 1.2). We start this section by noticing that zero is an algebraically
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simple eigenvalue of the problem (1.1) and all the nonzero eigenvalues have strictly
positive real part (see Proposition 5.1).

Theorem 1.2. Let w = (a,b,vp,v1) € Q and wy, = (an, bn, Vo n,V1n) € 2, n € N.
If lan — ally22 = 0,]|bn = bllyyr2 = 0, von X Vo, Vin X v1, as n — 00, one has
7 (wn) = 71 (w), as n — oo, where

71 (w) := inf { ReA| A is an eigenvalue of the problem w and X # 0 }
and
Y1 (wy) = inf { ReA| A is an eigenvalue of the problem w, and X #0 }.

Despite our purely theoretical study we want to mention that the dependence
results considered in this paper might have some importance on the numerical
computation of the spectral gap, eigenvalues and eigenfunctions of the problem

(1.1).

2. CONTINUITY OF EIGENVALUES AND EIGENFUNCTIONS

In this section, we show that the eigenvalues and eigenfunctions depend con-
tinuously on the problem (1.1), i.e., a “small” change of the problem results in a
“small” change of each eigenvalue and each eigenfunction (see Theorem 2.11 and
Proposition 2.16). Let us first state several preliminary facts.

Lemma 2.1. The initial value problem consisting of the differential equation in
(1.1) and the initial conditions

(2.1) y(0) =h, y'(0) =k, h, keC

has a unique solution y(x,\). And each of the functions y(xz,\) and y'(x,\) is
continuous on [0,1] x C. In particular, the functions y(z,\) and y'(x,\) are entire
functions of A € C.

Proof. See [15]. O

Remark 2.2. In fact, it follows from [15] that the derivative of y(x, \) with respect
to A is given by
y/ (CC )\) _ /I yQ(xv /\)yl(ta A) - yl(x7 A)yQ(L >‘)
AV AT t b(s)
0 a(t) exp (— IN a(s)ds>
Remark 2.3. In this section, without considering the existence of eigenvalues,
assumptions

y(t, A)dt.

1
-, b € L'(J,C)
a a

are sufficient for all the statements to be valid. However, in Section 3-5, the as-
sumptions (1.3) are still needed.

Remark 2.4. Define ¢(z) := exp (foa: %dt) and w(x) := — 28 Then the differ-

ential equation in (1.1) can be rewritten as the following form:

—(c(2)y'(2)) = Mw(2)y(), « € (0,1).
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Lemma 2.5. Consider the initial value problem consisting of the differential equa-
tion in (1.1) and the initial conditions
(2.2) y(0) =h, y'(0) =k, h, keC.

Denote the unique solution by y (-, h,k,a,b,\). Then, for any given € > 0, there
ezists a number § > 0 such that if

1
|>\—/\0|+|h—h0|+|k—ko|+/0 (i—alo 2—22)«5,
then
ly(z, h, k,a,b, \) — y(z, ho, ko, ag, bo, Ao)| < €
and

|y/(x,h,k,a,b, )‘) - y/(xah()ak07a’07b07>\0)‘ <e€
uniformly for all x € [0,1].

Proof. This is a consequence of [15, Theorem 1.6.2]. O

Let y1 and y2 be the fundamental solutions of the differential equation in (1.1)
determined by the initial conditions

(2.3) y1(0,A) = 45(0,A) =1, 92(0,A) =41(0,A) =0, A e C.

Lemma 2.6. A number A is an eigenvalue of the problem (1.1) if and only if
(2.4)

o fl y1(z, Ndyp(z) — 1 fl ya(z, A)dyg(x) ) _
A(N) :=de 0 0 _
W t ( Jo yi(@ v (@) =y (1LA) [y ga(a, Ndvi(z) — ya(1,0)

Remark 2.7. Note that in this paper the algebraic multiplicity of an eigenvalue
is its order as a zero of the characteristic function A(\).

Remark 2.8. If a(z), b(x) are all real-valued, one has y;(z,\) = y;(z,)), X € C,
i=1,2. Thus A(\) = A()). This implies that if \, is an eigenvalue of the problem
(1.1), then so is A.. Moreover, the algebraic multiplicity of A\, and ), are equal.
(Note that in this paper the overbar means the complex conjugate.)

Remark 2.9. In this paper, the assumption (1.2) means that v;, ¢ = 0,1, are

distribution functions (non-decreasing functions) with lirn+ vi(z) = 1;(0) = 0 and
z—0

lim v;(z) = v;(1) = 1. And we refer to [7] for the detailed probabilistic background

r—1
of the diffusion process associated with (1.1).

Lemma 2.10. (Continuity of the zeros of an analytic function). Let A be an
open set in the complex plane C, F a metric space, f a continuous complex valued
function on A X F such that for each o € F, the map z — f(z,a) is an analytic
function on A. Let B be an open subset of A whose closure B in C is compact and
contained in A, and let ag € F be such that no zero of f(z,g) is on the boundary
of B. Then there ezists a neighborhood W of ag in F such that :

(a) For any o € W, f(z,a) has no zero on the boundary of B.

(b) For any a € W, the sum of the orders of the zeros of f(z,a) contained in B
is independent of .

Proof. See 9.17.4 in [16]. O
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Now we aim to show that the eigenvalues are continuous functions of all the
parameters of the problem including the coefficients a, b and distributions vg, v
(Theorem 2.11). Recall the “boundary value problem space” @ = {w = (a, b, vp, 11);
(1.2) and (1.3) hold} defined in the introduction.

Theorem 2.11. Let wy = (ag, bo, V], 1Y) € Q. Assume that M(wy) is an eigenvalue
of the problem wqy. Then, given any € > 0, there exists a § > 0 such that if w =
(a,b,vg,v1) € Q satisfies

(2.5) d(w,wp) < 0,
then the problem w has an eigenvalue A(w) satisfying
(2.6) [Mw) = Mwo)| < €.

Proof. For any problem w = (a,b,vp,v1) € 2, denote the characteristic function
introduced in Lemma 2.6 by

Aw, \)

— det ) fol y1(z,a,b,\)drvg — 1 ) fol yo(z,a,b, \)dry
fO " (’T’ a, b’ )\)dyl - yl(lv a, b7 )‘) fo y2($7 a, b7 )\)dyl - yQ(L a, b, )\)

We first show that A(w, \) is an entire function of A € C and is continuous in w € .
In fact, the analyticity of A(w, A) on A follows directly from Lemma 2.1. Moreover,
integrating by parts shows that for w = (a, b, v, 1) € Q and wy = (ag, by, vy, 1Y) €
Q,

1 1
/yg(aj,a,b,/\)dyl(x)—/ yo(, ag, bo, \)dvl ()
0 0

S ‘y2(1?aab7)‘)_y2(17a07b0a)\)|

1 1
/ yIQ(x?a7b7)‘)Vl(x)dx_/ yé(xaa()abOa)‘)V1<x)dx
0 0

_|_

1 1
+ / yé(x,ao,bo,)\)ul(x)dm—/ yh(x, ag, bo, )1 (z)dx| .
0 0

Hence we conclude from Lemma 2.5 that fol ya(z,a,b, A)dry (x) is continuous in
w € Q. An analogous proof yields that A(w, \) is continuous in w € .
From Lemma 2.6, we know that A(w) is an eigenvalue if and only if

Aw, AM(w)) =0.

This means that if g is an eigenvalue of the problem wg, then A(wp, ) = 0. Since p is
an isolated eigenvalue of the problem wy, there exists n > 0, such that A(wp, \) # 0
for A € Ty, := {A e C||]A—pu|=n}. Thus the statement of Proposition (2.11)
follows from Lemma 2.10. O

Remark 2.12. In this paper, the algebraic multiplicity of an eigenvalue is the order
of it as a zero of the characteristic function A(\) defined in Lemma 2.6. The linear
space spanned by the eigenfunctions for an eigenvalue is called the eigenspace for
the eigenvalue. The geometric multiplicity of an eigenvalue is defined to be the
dimension of its eigenspace, which is either 1 or 2.
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Remark 2.13. If the algebraic multiplicity of A(wp) is ¥, it follows from Theorem
2.11 and Lemma 2.6 that for w satisfying (2.5), (2.6) holds for y eigenvalues of w.
In other words, each eigenvalue of algebraic multiplicity x is on  locally continuous
eigenvalue branches. Multiple eigenvalues are counted according to their algebraic
multiplicity.

Remark 2.14. Let wg = (ag,bo, v, v)) € Q. Assume that ' is any contour such
that wy has no eigenvalue on it and m eigenvalues inside it. Then there exists a
neighborhood U of wy in 2 such that any w € U also has exactly m eigenvalues
inside the contour I'. Here eigenvalues are counted according to their algebraic
multiplicity.

Remark 2.15. Note that there is no index on A in (2.6), thus it is natural to pay
attention to the dependence of the m-th eigenvalue \,, on the problem. This will
be addressed in Section 4 and the meaning of A, will be given in Remark 3.2.

To conclude this section, we prove the following proposition, which illustrates
the dependence of eigenfunctions on the problem (1.1).

Proposition 2.16. Let wy = (ag, b, v, v)) € Q. Assume A(w) be the continuous
eigenvalue branch through the eigenvalue A(wp). Then the following statements are
valid.

(i) Assume the eigenvalue A(wp) is geometrically simple and let u = (-, wo)
denote an eigenfunction of the eigenvalue A\(wg). Then there exists a neighborhood
M C Q of wy such that A(w) is simple for every w in M. Moreover, there exist
eigenfunctions u = u(-,w) of A(w) such that

(2.7) u(,w) = u(-,wo), u'(w) = u'(,wp), as w — wp in Q,

both uniformly on the interval [0, 1].

(ii) Assume that A(w) is a geometrically double eigenvalue for all w in some
neighborhood N C Q of wy. Let u = u(-,wp) be any eigenfunction of the eigenvalue
A(wp). Then there exist eigenfunctions v = u(-,w) of A(w) such that

(2.8) u(+,w) = u(-,wo), v (w) —u(-,wp), as w — wp in Q,
both uniformly on the interval [0, 1].
Proof. (i) Denote w := (a,b,vp,v1) and D(w) :=

f01 y1(z,a,b, \(w))dry — 1 fol yo(z,a,b, \N(w))drg

fol y1(z,a,b, \N(w))dvy — y1(1,a, b, A(w)) fol yo(x, a, b, \(w))dvy — yo(1,a,b, A(w)) |~
Lemma 2.6 implies that det D(w) = 0 and thus 0 < rankD(wg) < 2. Since A(wp)
is geometrically simple, we have rankD(wg) = 1. Hence without loss of generality,
assume that

1
/O yl($7ao,bo,>\(wO))d1/8(l‘) —1#0.

From the proof of Theorem 2.11, it follows that fol y1(x, a,b, \)dvg(x) is continuous
in w € Q. Thus there exists a neighborhood M of wy such that for every w =
(&,b,Vo,Vl) € Ma

/0 y1(z, a, b, A(w))dvo(z) — 1 # 0,
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and hence rankD(w) = 1. For each w € M, denote

< c1(w) ) — ( —fol y2(x, a,b, AM(w))dyyg - (fo y1(x, a,b, AM(w))dyy — 1)71 ) '

ca(w)

Then direct calculation yields D(w) ( 21 (w) > = (
each w € M,

) . This implies that for

e (W)yr(x, a,b, Mw)) + c2(w)ya(z, a,b, A(w))
is an eigenfunction corresponding to A(w). Moreover, it is obvious that ( il Eg; )
2
is continuous in wp. This together with Lemma 2.5 directly yield (2.7).

(ii) Note that A(w) is a geometrically double eigenvalue for all w in some neigh-
borhood N of wp in Q. Thus we can choose eigenfunctions u = u(-,w) of A(w) all
of which satisfy the same initial condition at 0 since a linear combination of two
linear independent eigenfunctions can be chosen to satisfy initial conditions. Then
(2.8) follows from Lemma 2.5. |

3. THE EXISTENCE REGION OF EIGENVALUES

Since the eigenvalue problem (1.1) is non-self-adjoint, there exists the possibility
of complex eigenvalues. Hence in this section we focus on the existence region of
the complex eigenvalues (see Theorem 3.1), which plays a key role in analyzing the
dependence of the m-th eigenvalue \,, on the eigenvalue problem.

Theorem 3.1. Given any problem (1.1), there exists a positive constant Ry such
that all its eigenvalues lie in the region

2
A:{Ae@Rd>(MW —%}.

IR}
Remark 3.2. On the basis of the above statement, we denote by A,,, m € Ny, the
eigenvalues of the problem (1.1) counted with algebraic multiplicities and arranged
by increasing of their real parts; if real parts equal, then we arrange the eigenvalues
by increasing of their imaginary parts. In other words, the eigenvalues A,,,, m € Ny,
are arranged such that Redg < Red; < Redy < -+ < ReA,, < ---, with the
additional condition that ImA,, < ImA,,;+; whenever Re\,, = Re\,+1.

Before giving the proof of Theorem 3 1, we first introduce some preliminary facts.

Denote [ := fol ds _ and let t = t(z) = 1! f , then the problem (1.1)
/—a(s) 0
becomes
(3.1) y (1) + Py (¢ ) = /\l2 ( )t €(0,1),
. fo (t)dwo(t fo (t)dm (t

where p(t) = M, v;(t) = vi(z), i = 0,1. Under the transformation

£/ —a(z)

v(t) = exp (M) y(t), problem (3.1) is equivalent to the following eigenvalue
problem
(3.2) { —v"(t) + q(t)v(t) = N?v(t),t € (0,1),

' = [y P(u(t)dii(t), P(1)u(1) = [} P(t)o(t)d (),
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where ¢(t) = in(t) - %p’(t), P(t) = exp (W) . Note that the assumption

(1.3) clearly implies that p € W12(J,R) and q € L*(J,R). Let vy (¢, \) and va(t, \)
be the fundamental solutions of the differential equation in (3.2) determined by the
initial conditions

v1(0,A) = v5(0,A) =1, v2(0,\) = v1(0,\) =0, A € C.

Denote

Al()\) =

det ( fol P(t)vr(t, \)dro(t) — 1 ) [ P(t)os(t, \)dmo(t) ) .
oy P(t)vr(t, Nz () — P(Dvr(1,A) [y P(t)va(t, A () — P(1)va(1,A)

Lemma 3.3. A number A is an eigenvalue of the eigenvalue problem (3.2) if and
only if Ay(X\) =0.

Proof. This result follows from a direct calculation. O

Remark 3.4. A number ) is an eigenvalue of the problem (3.2) if and only if it is
an eigenvalue of the problem (1.1). Moreover, it follows from a direct calculation
that A1 (A) = A(X). Recall that A()) is the characteristic function defined in (2.4) .

Based on the above statements, to prove Theorem 3.1, it is sufficient to analyze
the existence region of zeros of Aj(\). Now we first give an estimate on Aj(\),
which plays an important role in what follows. Let us use Imyv/\ to denote the
imaginary part of v\, where the argument of the square-root function is chosen
so that arg(VA) € (—%,Z]. For brevity we will often use the notation |||, :=

||(I||L1(J,R) :

Lemma 3.5. The characteristic function Aq(X) satisfies

(33) 181(3) = Bo(W)| < C g exp (1 mv/A| + gl )

“Em IAI

where C = 4 exp (fo Ip(t \dt) and

11 sin(lﬁ(s—t)) N N
/0 /0 P(s) P(1) —— (1) 3

o [P (l\fff o

1 sin f sin f
—/O P(t)l(\laAt)dzl(t)+P(1)l(\lAA).

Proof. In order to give the estimation, now we define a function

U(s,t,A) i = va(s, Nvr(t, ) — v1(s, Nva(t, N).
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Hence from the definition of Aj(A), it follows that

(3:4)  A1(d) = Ao(N)

/ / {%vw o (e t))] dpo (t)d7 (5)

IAVA)

1 sin (l\[\(l - t)) N
_P(1) / P@) | w16, dvo(t)
Sin(lﬁ)l .

sin(Iv/\t)

VA
1
- [ P |l n) - T ] B0+ P() e

In order to prove (3.3), we first show that for (s,t) € [0,1] x [0,1] and A € C\{0},
the following estimate

'UQ(]., )\) —

sin(IVA (s — t)) < 1
WA TP

is valid. In fact, for fixed ¢ € [0,1], as a function of s, ¥(s,, A) is a solution of the
equation

(3.5) W(s,t,\) — exp (\llmﬁ\ ls —t| + ||q||1)

—v"(s) + q(s)v(s) = N?v(s)

determined by the initial conditions

(3.6) U(s, t,\)|,_, = 0,
d‘IJ(S, t, )\) U1 (t, )\) V2 (t, )\)
. _— = — 1 .
(3.7) | det( AN ity )T B AEC

Hence analogous to [18], for (s,,A) € [0,1] x [0,1] x C, ¥(s,t, A) can be written as
the following form:

(3.8) U(s,t, ) = W—s_t + 37 8uls 1, )

n>1

where
Sn(s,t,A)
n
Jotrzncnoram 53 (00) T saltis — t)alts +0)dt1 - Aty t < s,

i=1
n

f0<t1< Ltppri=t—s S sa(t1) Hl sa(tivr —ti )g(t —t;)dty - dtn, s < t,
1=

and sy (t) = % Note that for 0 <t < 1,

sin(Iv/\t)
IV

sin(Iv/\t)
IV

1 exp (l ’Im\f/\‘ t) and

e

< exp (l ‘Im\&‘ t) .
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Thus when s > t,

exp (l Imv/\ (s—t)) n
Sn(s,t,\)] < / q(ti + )| dty - dt,,
[Sn( | 2 ]Al 0<ty <vo Sty pri=s— f};[1| )| da
exp (l Imv/A (S—t)) ( OS “lglu+t |du)n
<
- 12|\ n!
o (Al — )
= I e

When t > s, through a similar process, one has
exp (im0 5))
12|\ n!

Therefore, (3.5) can be easily obtained from (3.8) and (3.9). Moreover, it follows
from [18] that vo satisfies

sin(IvV/t)
IV
This together with (3.4) and (3.5) yield that
|A1( Ao(/\)l

(3.9) 1Sn(s, 8, )| <

L exp (1B £+ )

(3.10) <

V2 (t, )\) —

IA

. ' P(s)P(t) exp (i ’Imﬁ] s =t + llall, ) dvo(t)d7 (s)
l |>\| 0 0

12|)\| /P exp ‘Im\f‘ (1—1t)+14qll, )duo()

pw/ #esp (1[mv/A 1+l ) din (1)
l2|)\\ exp (1 ‘Im\f‘ﬂlql\ )

< Cl?lA\ exp (1| tmv/A] + Jall,)

+P(1)——

where C = 4exp ( fo Ip(t |dt) This completes the proof. O

Now we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. For simplicity, denote k = v/\. In view of Lemma 2.6 and
Remark 3.4, it is sufficient to prove that all the zeros of A;(k?) lie in a strip parallel
to the real axis. Denote

L. = / ' P(t) sin (1kt) 47 (1),
0
L: = /P sin (1k (1 — 1)) dvo (¢),
I;: = // (t)sin (Ik (s — t)) dvp(t)dry (s).
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Note that
IkAo(k?) = I3 — I, — I, + P(1)sin (Ik) .
To prove Theorem 3.1, we first show that
(3.11) e M ikA(K?)| > e 'K (|P(1)|[sin (IK)| — [I] — || — |I3])

> @—C-Q(Imk),

where C' = 4 exp (fo Ip(t |dt) and
1 1
Q(Imk) _ e—2l|1mk\+/ 6”Imk|(t_1)d;1(t)+/ e—l|Imk\tdl70(t)
0 0

1
+/ kI i (£).
0

In fact, since for each z € C,
Imz]| —|Imz]| Imz| —|Imz|
e' —e . e +e
— < sinz| < — < eltmzl,

we conclude that

1 1 1
| = / P(t)sin(lkt)dﬁl(t)‘gexp < / |p(t)|dt> / elltmktqp, (¢),
0 0 0
1
|I.] = P(l)/ P(t)sin (Ik (tl))d%(t)‘
0
1 1
< oo p<t>|dt> [ etma-naino
0
|I3] = / / t)sin (Ik (s — t)) dvp (¢)dr (s)
< 7eXp (/ Ip(t |dt) l|Imk|(t $) 4 o= UITmk|(t— s)) o (£)di (s)
1
< goo ([ wona) | / etz + [ san o)
0
and
el|Imk\ _ efl\Imk|
e Ik | P(1)]fsin (18)] > e mH | P(1)] S
[P [P(1)]e?MmH
- 2 2 '
Thus (3.11) can be obtained directly. Moreover, it can be shown that
(3.12) lim Q(Imk) =0.

Imk—»o0
In fact, note that 7;(t), ¢ = 0,1, are nondecreasing functions, and t£%1+ 7i(t) =
7;(0) = 0, tligl* v;(t) = v;(1) = 1. Thus given any € > 0, there exists a § > 0 such
that

(1) —5(1—96) <

N
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For such a § > 0, there exists a number Ky > 0 such that if [Imk| > Ko,

1 1-6 1
(313y el|1mk\(t71)d'lji(t) _ / el\Imk|(t71)d'I;i(t) + / el|1mk\(t71)dfﬁi(t)
0 0 1-6

e~ 0UImk| (1) —7;(1=6) <e i=0,1.

IN

Thus

1
lim k=D ap;(t) =0, i =0,1.

Imk—o0 J

Similarly, : llim fol e~ Hmkltq3, (t) = 0. This arrives the statement (3.12).
mkKk— 00

Thus from (3.11) and (3.12), it is obvious that there exists a number K > 0
such that if [Imk| > K,

(3.14) e Mk Ik AG (k%) > &;”—C-Q(Imk)
. PO
- 4

What should be noted is that the positive number K depends only on |P(1)],
C =4exp (f01 Ip(¢)] dt) , 1, g and 7.

Now we define E(k) := lkA(k?) — lkAg(k?). Then it follows from Lemma 3.5
that

(3.15) [E(k)| < O exp (L Imk| + [q],) -

1
LIK|
Suppose that kg is an arbitrary zero of A;(k?), i.e., k3 is an eigenvalue of the
problem (1.1) or (3.2). Then

(3.16) koA (k3) = lkoAo(k2) 4+ E(ko) = 0.

Thus from (3.14), (3.15) and (3.16), if |Imkg| > K, we have

exp (I |Tmky|)

1 = = 12 koo k§) |
(317) kol < kol - < Cexp (lall) 15 A )

Cesp (lall) 7rp07

IN

Hence |Imkp| < max {Cexp (llglly) ﬁ, K} , which means that all the zeros of
A1 (k?) lie in a strip parallel to the real axis. This completes the proof. (I

Remark 3.6. A;()) is an entire function of order %. In fact, recall that for any
z € C,
e|1mz\ _ e—\lmz\ ] e\Imz\ + e—\Imz|
—p Sk < ————

Denote M (r) := max {|A;(A)] : |A| = r}. Recall that C' = 4exp ( I p@)] dt) , thus
it follows from Lemma 3.5 that

(3.18) M(r)<C <6Xpl(2|TqW + l\%) VT,

< e\lmz\
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Moreover, for A = —r, r € Ry = (0, +00) , from Lemma 3.5 and the proof of (3.11),
one has

IVr _ =T 1 lﬁtd"’ t 1 l\ﬁtd"' t
Ml = P Sl ST oo 0
20/ Ir Ir
1 ) 4~
A Y0 esp ()
I\r 12r
This together with (3.18) yield

. loglog M (r) 1
limsup——= = —.
r—00 log r 2
Therefore, A;()\) is an entire function of order % and thus has an infinite number

of zeros ([19, Definition 2.1.1 and Theorem 2.9.2]).

4. DEPENDENCE OF J\,, ON THE COEFFICIENTS a, b AND DISTRIBUTIONS v, 1

In Section 2, we study the continuity of eigenvalues on the eigenvalue problem
with respect to the topology induced by (1.4). In view of the meaning of A, intro-
duced in Remark 3.2, in this section we turn to discuss the dependence of \,, on
the problem with respect to a stronger topology (see Theorem 1.1). Throughout
the rest of this paper, w represents a fixed problem (1.1), i.e

w.{ ala)y <>+b<> ()—Ay< )@ <01>
fo dVO fO dVl

Consider the problems w,, n € N, as follovvs7

w { an(x)y()er() ()—Ay( ) z € (0,1),
" fo dVOn fO dllln ’JJ)

where v; ,,, i = 0,1, are probability distributions on the interval (0,1), and the
coefficients a,,, b, all satisfy the condition (1.3).

Similar to the notations related to the problem w in Section 3, now we introduce
some notations for the problem w,. Denote

ln (bn(xia_ E;.I)/TL(:L.))’ Do,n(t) = VO,n(x)7 ;17"@) = Vl’n(x)

where t = [ ;1 fo\/si(andl fo
a
1

@2 a = ipiu)—ﬁp;(t), Co=tep ([ miolar).

P,(t) = exp (‘W)

Corresponding to Aj(A) and Ag(A) related to the problem w, Ay, (A) and Ag ()
represent the analogous objects related to the problem w,,, respectively.

Let us mention that the proof of Theorem 1.1, which will be given at the end
of this section, relies heavily on the following result (Lemma 4.1). In Section 3,
by analyzing the equivalent eigenvalue problem (3.2), we show that all the eigen-
values of the problem w are confined to a parabolic neighborhood of the real axis.

(4.1) pa(t) =

( . Furthermore, denote
S



DEPENDENCE OF EIGENVALUES ON THE DIFFUSION OPERATORS 15

The following statement illustrates the change of the neighborhood under “small”
perturbations.

Lemma 4.1. If [la, — a2z — 0, [|bn — bllypre — 0, von — Yo, V1, — Vi, aS
n — 0o, then there exists a constant R such that all the eigenvalues of the problems
w and wy, n € N lie in the region

A:{Ae(C

(Im)\)z 2
Re\ > e —R” 5.

Remark 4.2. We say v; 2oy, e, V; n is weakly convergent to v;,7 = 0,1, iff,
for each f € C(J,R), one has
1

i [ favi (o) = [ @),

n— oo 0

Note that from [20, Example 2.1], it follows that for i = 0,1, v;, — v; if and only
if lim v;,(2) = v;(x) for each continuous point z of v;(x).
n—oo

Remark 4.3. The above remark and Dominated Convergence Theorem (21, The-
orem 2.8.1]) imply that if v; ,, — v;, one has

1
lim / |Vi n(z) — vi(x)| dz = 0.
0

n=o0
To prove Lemma 4.1, the following result is also needed.
Lemma 4.4. If ||la, — allyy22 — 0, [|by — bl )12 = 0, as n — oo, then
lpn — P12 = 0, |lgn —4qll; = 0, as n — oco.

Proof. Step 1: We first give some basic facts which will be used in Step 2. Firstly,
since [|an — a2 — 0 and b, — b||y1.2 — 0, it follows from the Sobolev embed-
ding theorem that

(4.3) max |a,(x) —a(z)] — 0, max |a,(z)—d'(z)] = 0, as n — oo,
z€[0,1] z€[0,1]
and
(4.4) max |by,(z) —b(z)| — 0, as n — oco.
z€[0,1]

Next, for each z € [0,1], n € N, there exists a unique number f,(z) € [0, 1] such
that

1 /1 ds Fal@) g
o /—a(s) " Jo V—an(s)
and f,(0) = 0, f,(1) = 1. Implicit functions theorem also shows that for each

n € N, f,(z) is differentiable in = € [0,1] and f} (x) = nyzanUn (@) ”l\_/a:L{”)(x)) Furthermore,

(4.5)
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based on the equality (4.5), one has

, 1
Juin {_a(x) } | fn(@) — 2]

fn(x) dS

fn(‘T) dS fn(I)
< |f -
0 —a(s) Jo —an(s
1
1 1
< 2/ — ds.
o [V-a(s) /—an(s)
Hence it follows from (4.3) that
(4.6) max _|fn(x) — x| = 0, as n — oo.

z€[0,1]
In view of (4.3) and (4.6), it is easy to see that

m[%ﬁ] lan (fn(z)) —a(z)| = 0, I, = I, as n — oo.
€

Therefore, there exists a positive constant M; such that for all n € N and = € [0, 1],
@7) 1 ly/—a(x)

Step 2: Based on the above facts, now we turn to prove

(4.8) P _prl,Q — 0, as n — oo.

Indeed, denote My := ma: {
z€[0, 1]

(4.9) /|pn —p@)dt
/ (lnl. Ofn(w) %)—p(l”/j d2(5)>

} . Then

—a(x)

< 2)) = 3an (fa(@)] 1 (b(x) = 3/ (x)) de
B —mxﬁxw» o)
< oMy / bnbn (fu(@))  Wb(x) |

—An fn(x)) \/—a(a:)

My [ty (fala) 1)
* 2 ~/0 \/_an(fn( ) \/—a(x)

Moreover, a straightforward calculation yields

2 )= La' () d (z
) =2 (1) - Jarey) - & Lo Sl 6l
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where t = [, 1 fo . Thus

7an(5)

(4.10) /|pn (1) at
< 4M0/ 1200 (/. ))—l2b’(x)|2dx+Mo/ 120! (fu(2)) — 20" (z)|* da

o (fu(@))ah(falz))  1Pb(x)d ()|
”%A an(fu(x)) a(2)

dx

(o[BG PE@P,,
4 Jo an(fn(2)) a(z)
In order to prove (4.8), we only aim to show
. 27/ C2p N2 g —
(4.11) nh_)rrgo/ ‘l by, ( 1°b'( )’ dx =0,

since other terms can be dealt with in a similar way. In fact, in view of (4.7), we
have

/|12b’ Fulz)) = 12V (2)|* da

1
< 3M1/ 128, (fu() — 2 (ful@)[* £ (x)dx+3/ 12 (fu()) — 12 (2)[* de
0
+3M1/0 126 (fn(2)) = PPV (fu(x yf
1 1
< wﬁﬁAumwfvmeH%FA|wn@»fwmfm

302 -2 My /Olb’(u)gdu.
It is obvious that
lim [ |b,(u) — b (u)]” du =0 and lim |17 — ] = 0.
Therefore, in order to prove (4.11), we just prove

lim/ b (fo(2)) = ¥ (2)]> da = 0.

n—oo 0

Note that &' € L?(J,R), thus given any ¢ > 0, there exists a continuous function
¢ on [0, 1] such that

(4.12) /0 lp(z) — ¥ (2)]* dz < e.
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This together with (4.6) yield that for the above arbitrary e > 0, there exists a
number N7 > 0 such that if n > Ny,

A|Mm@»—w@fm

< MLA\Wh@»—dh@mﬂﬂ@w+3lIﬂh@»—ﬂwfw
1
—H{/ p(z) — b'(2) > da
< 3Mg/\v \dU+3/|wfn wdex+3A o(z) — b'(2) [ de
< M1+2

This proves (4.11), thus (4.8) can be obtained. Now the statement
llgn —qll; = 0, as n — oo

directly follows from (4.8) and

1 1 1
[ - awiac< [ bio-pla [ wlo - ol
0 0

Therefore, the assertion of Lemma 4.4 is proved. Il
Now we are in a position to prove Lemma 4.1.

Proof of Lemma 4.1. Firstly, it follows from Lemma 4.4 that there exists a number
Ny > 0 such that if n > Ng,
l P(1
(@13)  Ca<CH1 dn> L laall < ol + 1, 1Pa0) = DL
Note that all the notations here can be found in (4.1), (4.2) and Section 3. Next,

we will show that there exists a number N/ > 0, which is independent of k € C,
such that if n > N{,

(4 14) /1 e~ InlImk[t 177 (t) < /1 e,%‘lmkltdg (t) + ﬂ
. A 0,n > 0 0 o (C T 1) R

(4.15) /1 Lnllmkl (=1 g, (1) < /1 3tk | = 1) g7, (1) |P(L)] . 01
. n Vimn > v — 2 i =0,1.
0" ’ 0 24(C+1)""

In fact, in view of m[ax |an(z) —a(z)] — 0, as n — oo, there exists a number
z€|0,

N1 > 0, which is independent of x, such that if n > Ny,

/”“( —af(s) B 1) 1 ds
0 —an(s) —a(s)

and similarly,

L ds <1/1 ds _
o V=a(s)| T 2Je y/—al(s)

—an(s)
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Therefore, if n > Ny,

1 S| Y

| et @ = [ T g (0)

0 0
1 1 ds

< / . —L|Imk[1=t 2 V=40 dug (),

0
1 _ b kit

e naz, @ = [ VT d ()

o 0

1 mkli=1 1 ds
< /e stmkli=" [ A 3 dvs ()
0

Dok (0 [ e
_ /62' (705 45 )dyi,n(x),z'z(),l.
0

Thus in order to prove (4.14) and (4.15), it is sufficient to show there exists a
number N > 0, which is independent of k € C, such that if n > No,

1 — £ s
(4.16) / eiéllmku s Neo dvg ()
0
1 1 —1 pz __ds
— LTmk|i ™t |P(1)]
< 2 0 V=am g S
< /o e Vo(x)+24(c+1),
1 1
(4.17) / teI k‘<l I8 7o l)dui,n(x)
0
1
il (177 7 221 PA)
< ’ o Jdyi(x) + s, 1 =0, L.
< /06 vi(x) 34(C+ 1) i

Since lim vo(x) = 0, there exists a continuous point ¢ € (0, 1) of vg(x) such that
z—0

s ) < 2L

Moreover, since vy p, 2 1o, Remark 4.2 implies that there exists a number N3 > 0
such that if n > N3 one has

|[P(1)]
(4.19) 0.(8) = 10(0)| < 3o T
thus
|[P(1)]
4.20 A(6) < ——
(420) w0 < S 1
Denote M := max { }.Note that lim LmkIM *’“m’“‘ Iy e =0 for

1

z€[0,1] —a(x) [Imk|—oco 2
the fixed number §. Thus there exists a number My such that for all k € C,
1 —L1mk| [?
Se 3|Imk| f5

Hence from (4.18)—(4.21), Remark 4.3 and the integration by parts formula, it
follows that there exists a number Ny > N3, which is independent of k € C, such

ds
(4.21) V=e® |Imk| M < M;.
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that if n > Ny,

1 1 -1 rx ds 1 L -1 rz ds
— = |Imk|l — = |Imk|l
/ e’ s Ve dyg p(z) — | e ? s V=e) dyg ()
0 0

g 1 m x ds 3 _1 m T ds
< / o2 MmE V= dyg  (2)| + / eI V=) dyg ()
0 0
b L) e b Lk s
+ / e 2 0 \/del/()yn(m)—/ e 2 0 \/T(*)dyo(x)
5 5
< von(6) +v0(0) + |vom(6) — vo(6)]
m —Lim T ds
|Imk|M'/ von(e T p@)e M AT da
1
< on(8) + 10(8) + o (8) — vo(8)] + M / Won(2) — vo(e)| de
0
< |[P(1)]
21(C+1)

This arrives (4.16). (4.17) can be proved in a similar way. Now we complete the
proof of (4.14) and (4.15).

Denote N := max {Ny, N}}. Then from (3.11), (4.13), (4.14) and (4.15), we
conclude that if n > N,

P, (1
(4.22) eIk kA B (K%)= | "2( ) —C,, - Q, (Imk)
> @ (C 4+ 1) Q (Imk)
P(1 ~
> P é)‘—((H—l)Q(I k)
where
1 1
Q, (Imk) : = 672ln|1mk\+/ eln\lmk|(t71)d;17n(t)+/ e~ lmklE g )
0 0

1
+/ eln\lmk|(t—1)d]70’n(t),
0

1
Q(Imkz); — e*lllmk\Jr/ e%l\lmk|(t—1)dal(t)+
0

1
—L[Imklt g [P(1)]
-‘r/oe dVo(t)+24(C+1)

1
LI Imk| (t=1) 1~ |P(1)]
+A ez2 dl/o(t)+724(0+1)

P
24(C +1)

and

1 1
Q(Imk): = e—lllmk‘+/ e%”lmklﬁ—1>d;1(t)+/ e 2kl gz )
0 0

1
+/ e%l\lmk“t—l)d']‘/b(t).
0
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Note that the positive number N is independent of k. In view of (3.12), we can
also obtain

lim Q (Imk) = 0.

Imk— o0

This together with (4.22) yield that there exists a number K; > 0, which is inde-
pendent of n, such that if [Imk| > K7,

, P(1 ~
(4.23) ekl kA o (K2)] > % —(C 4 1) Q (Imk)
[P1))
> .
> 6 n>N

Note that K; depends only |P(1)|, C = 4exp (fol [p(t)] dt) , 1, 7g and 7.

Now suppose that ko, is an arbitrary zero of Aq,(k?), n > N, i.e., k‘an is an
eigenvalue of the problem w,, n > N. Then from (3.17), (4.13) and (4.23), we
conclude that if |Imkg ,,| > K7,

exp (I, [Imko »|)
2 ‘ko,nAo,n(kg,n)‘
32
HP)|

|Imk0,n| S |k0,n‘

IA

Crnexp (llgnlly)

IN

(C+1)exp([lgll, +1)

Thus if n > N, |Imkg | < max {(C’ +1)exp (||ql|; +1) %,Kl} . Note that the

maximum depends only on the fixed problem w. This together with Theorem 3.1
yield the statement of Lemma 4.1. |

As a consequence of Lemma 4.1, Theorem 1.1 announced in the introduction can
be established.

Proof of Theorem 1.1. (1) Let j > 1 be an arbitrary integer and fix a number
re (Re)\fc;_ll(w),Re)\ij (w)). Denote

H::{)\E(C

where R is the constant obtained in Lemma 4.1. Then Lemma 4.1 implies that
the problem w has exactly k; eigenvalues, counted with algebraic multiplicities, in
the open region II and none on the boundary of II. Thus by Remark 2.14, when
n is sufficiently large, each problem w, has exactly k; eigenvalues, counted with
algebraic multiplicities, in the region II. Moreover, it follows from Lemma 4.1 that
these k; eigenvalues are the first k;.

Now fix numbers r; € (Re)\ﬁcﬁl(w), Re)\fw (w)), 1 =1,2,...,7 — 1, and separate
eigenvalues of the problem w with different real parts by small open regions II; in
II, where

(Im)\)2
4R?

Rel >

- R? andRe)\<7°},

I, : ={Aell|lReA<r},
I, : ={Ael|ReA>r_jand ReA<mr}, 1=2,3,...,5—1,
I, : ={xeIl|lRex>r;j_; and ReA<r}.

Then by applying Remark 2.14 to these open regions II;, we see that when n is
sufficiently large, each problem w,, has k; — k;_1 eigenvalues, counted with algebraic
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multiplicities, in each region II;, | = 1,2,...,j. Therefore, the statement (1) of
Theorem 1.1 can be directly obtained from Theorem 2.11.

(2) The statement (2) of Theorem 1.1 is a direct consequence of the statement
(1). In fact, in view of statement (1), for each j € Ny, given any € > 0, there exists
a number N > 0 such that if n > IV, one has

kj+1-1 kj41-1
(4.24) > Redm, (wn) = ReM, ()] < D [Am, (wn) = N, ()] <e,
m:k:j m:k:j
where the set {m, :m =Fk;,-- ,kj;1 —1} ={m:m=mn;,--- ,nj;;1 —1}. Since
Re)\ij (w) = Re/\iﬁl(w) == Re/\ij+171(w),
it follows from (4.24) that if n > N, one has
kjr1—1
Z |ReAm (wn) — Re)\fn(w)‘ <.
m:kj

Note that M (w) is the m-th eigenvalue of w. This arrives the statement (2) of
Theorem 1.1. O

Theorem 1.1 shows that Re\,, depends continuously on the coefficients a, b and
distributions vy, 1 with respect to a stronger topology than that induced by (1.4).
As consequences of Theorem 1.1, one can deduce the following results (see Corollary
4.5 and Corollary 4.7), which illustrates that the continuity of A, on the coefficients
a, b and distributions v, v; could be guaranteed in some special situations.

Corollary 4.5. Suppose that ||a, — allyz2: — 0, ||bp — bllyrz — 0, von — o,
Vin — V1, a8 N — 00.

(1) Let Apy(w), mo € N, be a real eigenvalue of w with algebraic multiplicity
k 4+ 1. Suppose that

>‘mo (w) = >‘mo+1(w) == >‘m0+k(w)a
ReAm—1(w) < ReApy, (w) < ReAp+k+1(w),
then as n — 0o, one has
Am(Wn) = A (w), m=mo,mo+1,...,mo + k.

(2) Let A, (w), mo € N, be an algebraically simple eigenvalue of w with negative
imaginary part. If

ReAmy—1(w) < ReApm, (w) = ReApy+1(w) < ReApyt2(w),
then for m = mg, mg + 1, one has A\, (wn) = A (w) as n — oco.

Remark 4.6. Note that Remark 2.8 implies that in the above statement, Ay11(w) =
Amg (W) and Apg41(wn) = A, (wy) for sufficiently large n.

Corollary 4.7. Let A, (v, v1) denote the m-th eigenvalue of the problem (1.1) with
constant coefficients a = —1, b = 0. Then for each m € Ny, A, (v, 1) is continuous
in the probability distributions vy, v; with respect to the weak topology.

Proof. In the case of a = —1, b = 0, it follows from [6] that all the eigenvalues
of the problem (1.1) are real. Thus the statement of the corollary can be directly
obtained from Theorem 1.1. g
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To conclude the discussion of this section, we give an example to show that
the continuous eigenvalue branch in the sense of Theorem 2.11 is not necessarily
determined by a fixed index.

Example 4.8. Consider the eigenvalue problem with constant coefficients a < 0,
beR and vy =14 :6%, ie.,

(4.25) { ay” (z) Jrgy x) = Ay(z), = € (0,1),

Under the transformation v(z) = exp (g—m

following eigenvalue problem

(4.26) { —U”(x)+6(ﬂ211§3: -

) y(x), problem (4.25) is equivalent to the

(z), z €(0,1),

where ¢ = i (g) and A = exp (%) By Lemma 3.3, it is easy to see that A is

an eigenvalue of the problem (4.25) or (4.26) if and only if

inr/—2_¢
1 — A2 cos /_%_q _AQM
S

Denote the eigenvalues of the problem (4.25) by A, (a,b), m € Ny. Assume b > 0 and
b < —4+/3am, then each eigenvalue is algebraically simple, and all the eigenvalues
can be ordered as follows according to Remark 3.2,

b2

A (a b) == 0 )\4n+1 @7
)\4n+2( ) = —16a

/\4n+3( ) = —16a

/\4n+4( ) = —16a (n + 1)

b) = —4a(2n+1)* 72 —

n+1)>7% = 2b(n+1)mi

n+1)> 772+2b(n—|—1)7m
2

" da
Note that when b < 0 and |b| < —4+/3ar, to obtain the arrangement of eigenvalues,

we only need to exchange the order of Ayt and Aygy43 in the above result.
Moreover, when b = 0, direct calculation yields that

/\0(7170) = Oa
Ains1(—1,0) = —4a (2n 4+ 1)° 72, Agns2(—1,0) = —16a (n + 1)* 72,
Mnts(—1,0) = —16a (n + 1)° 72, Aanpa(—1,0) = —16a (n + 1)° 72, n € N,.

(a,
(
(
(

, n € Np.

From the above results, it is obvious that for each m € Ny, as a function of (a,b) €
(—00,0) X R, An(a,d) is continuous on the region

r, = {(a,b) € (—00,0) x R| [b] < —M&m}.

This is consistent with the statement of Corollary 4.5.
However, denote I'y := { (a,b) € (—00,0) x R||b] = —4v/3ar}, then it is easy to
see that A1 and Ay are discontinuous at each point of I's. In fact, when b = 74\/§a7r,
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all the eigenvalues can be ordered as follows,
Mo(a,b) =0, A\ (a,b) = —16an? — 2bmi, Ay (a,b) = —16an?,
A3 (a,b) = —16an? + 2bmi, Ay (a,b) = —28a7m?,
b2
Adn ,0) = —4da(2n+1 -
an1(a,0) = —da(2n +1)* 7 P
—16a (n+1)* 7% — 2b (n + 1) 7,

(a,b) =
Aints(a,b) = —16a (n +1)° 72 + 2b (n + 1) 7i,
(a,b) =

—16a (n+1)° 7 , neN.

 da
It is easy to see that for each point (@, E) € Iy,

Hm A (a,b) = Mo (@, b), Hm A (a,b) = A\ (@, b),
I'13(a,b)—(@,b) T'13(a,b)—(@,b)

Hm A (a,b) = A (@, D), m > 3.
I'13(a,b)—(a,b)

5. CONTINUITY DEPENDENCE OF THE SPECTRAL GAP ON THE COEFFICIENTS
a, b AND DISTRIBUTIONS vy, V1

Now we turn to study the continuity dependence of the spectral gap on the coeffi-
cients a, b and distributions vy, 11 (see Theorem 1.2). We believe that Proposition
5.1, which will be stated first and is needed for the proof of Theorem 1.2, is of
independent interest.

Proposition 5.1. (1) Zero is an algebraically simple eigenvalue of (1.1);
(2) All the nonzero eigenvalues of (1.1) have strictly positive real part.

Proof. (1) In view of Remark 2.9, it is easy to verify that zero is an eigenvalue of the
problem (1.1), with the corresponding eigenfunction being any non-zero constant.
We just need to calculate its algebraic multiplicity. Denote

dyi(z, \) dys(x, \)
/ . / J—
yl,)\(m7 )\) T d\ and y2,)\(‘r? )\) . d\ .

Then from Lemma 2.6 one has

1 1 1 1
AN = / y'LA(:zg)\)dyo/ yg(x,)\)dyl+/ yl(x,)\)dug/ yé7>\(x,/\)d1/1
0 0 0 0
1 1 1 1
—/ y17/\(x,)\)dul/ yg(l‘7)\)dl/0—/ y1(z, )\)dyl/ Yy 5 (z, A)drg
0 0 0 0

1 1
(1) / g, vy + (1, V) / (2 Ao
0 0
1 1
(1) / (2, Ao — (1, ) / (2 Ndvo
0 0
1
- / o (2 N + g A (1, A).
0

Now we aim to show that A’(0) < 0. In fact, direct calculation yields y;(z,0) =

o o= [ [ %)
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Then from Remark 2.2, it follows that

e Y A 16 O)yl(t 0) — y1(,0)y2(2,0)
y1,>\( 0) = /0 exp( ft Z(Z%d ) dt
exp (fo Z(S) ds)
—a(t) dt

— [ 1.0 - (0.0
Hence
(5.1)A’(0):/0 y17/\(x,0)dyo/o yg(x,O)dul—/O y’17/\(x,0)d1/1/0 y2(x,0)dvg

1 1
+%mm/mmewmm/ummm.
0 0

Therefore, in order to prove A’(0) < 0, it is sufficient to prove

Jo v, 0)dvo(@) _ 42(1,0) — Jy pa(w, 0)dwa (2)

(5.2) o ¥ : U .
o Yia(@,0)dvo(z) 4 A(1,0) = [ yi A (2, 0)dvi(z)
Note that
(5.3) wmméwmwmmwmmlwmmmm
1 1 exp ( [y ods
= /0 yz(x,O)/O [y2(1,0) — ya(t,0)] (;(t)()dtdz/o(x)
1 z exp( Ot Z((i)) ds)
~ [ 0000 [ (.0 = 0] — Lt (a)
ex £ b(s) ds
= / / va(1,0) — ya(t, 0)] ya (2, 0) . (fo( “)(5) )dtdyo(a:)
1 exp (fot Z((S% ds)
+/0 /0 [y2(1,0) — y2(z, 0)] y2(t, 0) o) dtdvy(z)

< 0,

and similarly,
1

1
64 ¥ia10) [ pele0dn() - 12(1,0) [ i 0dn (@) <0
0 0
Therefore, (5.3) and (5.4) yield that
fol yg(l’,O)dl/o(fE) < yZ(]—aO) < yg(l,O) 7‘[01 yQ(va)dyl(z)
01 yl1’,\(x70)d’/0(x) y/17>\<1’0) yi’)\(l,O) - 01 yll’,\(xvo)dyl(x)

This proves (5.2) and thus A’(0) < 0 which implies that zero is an algebraically
simple eigenvalue of the problem (1.1).

(2) Let p be an eigenvalue of the problem (1.1), and denote the corresponding
eigenfunction by .
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Step 1: We first show that there exists a point z € (0,1) such that |y(zo)|* =
M = m[ax] ly(x)|* . Suppose |y(0)]* = M. Using the boundary conditions of (1.1)
ze€|0,1

and the Cauchy-Schwartz inequality, we thus deduce that for each = € [0, 1],

1 2
2

yO)" = | | y(z)dwo(z)

(/|y ) dvo(z ) /|y )12 dvo ()
Thus
(5.6) / y(@) dvo(a (/ ly(@)] dvolz )

This yields that
/1 (|y(x)| - /1 |y(:v)|du0(a;)>2dyo(x) _o,

and hence |y(z)| = fo ly(z)| dvo(x) vo-a.e.

Then it follows from (5.5) that |y(z)|* = |y(0)|* = M vp-a.e. Suppose |y (1)|* =
M, then similar proof yields that |y(z)|> = |y(1)]> = M vi-a.e. Therefore, we
conclude that there exists a point zq € (0,1) such that |y(zo)|* = M.

Step 2: Note that

1" !
(5.7) o> = a(lw?) +v(lw®) = o) +b @)
= gly+yly + 2aly’|* < yly + yly = 2Rep|y[*.

IN

(5.5) ly(z)|?

IN

Assume Rep < 0, then we have l|y|2 < 0. Thus based on the conclusion in Step 1, we
deduce from maximum principle ([22, Section 6.4, Theorem 3]) that |y(z)|> = ¢ on
[0, 1] for some constant ¢, and hence I|y|> = 0. Therefore, it follows from (5.7) that
Rep = 0 and |y (2)]> = 0. Then it is easy to see that y(z) = ¢; on [0,1] for some
constant ¢;. Thus pu = 0. Now we can conclude that zero is the only eigenvalue
with non-positive real part. This completes the proof. (Il

Remark 5.2. In fact, the second part of Proposition 5.1 was given in [2] by a
different method.

Now Theorem 1.2 announced in the introduction follows directly from Proposi-
tion 5.1 and Theorem 1.1. In fact, in view of the meaning of A1, one easily deduces
from Proposition 5.1 that A;(w) (A (wy)) is always the nonzero eigenvalue of the
problem w (w,) with the minimal real part. This together with the statement (2)
of Theorem 1.1 clearly implies the assertion of Theorem 1.2.

We conclude this section by a concrete example.

Example 5.3. Denote the spectral gap of the problem (4.25) by v (5%), ie.,
71(61) == inf {ReA| A is an eigenvalue of the problem (4.25) and A#0 }.
It follows from Example 4.8 that

) = { —4am? — %, when [b| < —4+/3an,

5.8 )
(58) il —16am?, when |b| > —4+/3ar.

1
2
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Then it is obvious that as a function of (a,b) € (—00,0) x R, 71(d1) is continuous
on the region (—o0,0) x R, which is consistent with the statement of Theorem 1.2.
Note that (5.8) is already given in [14] and [13] by different approaches.
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